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ABSTRACT. We characterize group representations that factor through monomial repre-
sentations, respectively, block-triangular representations with monomial diagonal blocks,
by arithmetic properties. Similar results are obtained for semigroup representations
by invertible transformations. The characterizations use results on unit equations
from Diophantine number theory (by Evertse, van der Poorten, and Schlickewei in
characteristic zero, and by Derksen and Masser in positive characteristic).

Specialized to finitely generated groups in characteristic zero, one of our main
theorems recovers an improvement of a very recent similar characterization by Corvaja,
Demeio, Rapinchuk, Ren, and Zannier that was motivated by the study of the bounded
generation (BG) property. In positive characteristic, we get a characterization of linear
BG groups, recovering a theorem of Abért, Lubotzky, and Pyber from 2003.

Our motivation comes from weighted finite automata (WFA) over a field. For
invertible WFA we show that M-ambiguity, finite ambiguity, and polynomial ambiguity
are characterized by arithmetic properties. We discover a full correspondence between
arithmetic properties and a complexity hierarchy for WFA based on ambiguity. In
the invertible case, this is a far-reaching generalization of a recent result by Bell and
the second author, characterizing unambiguous WFA, that resolved a 1979 conjecture
of Reutenauer. As a consequence, using the computability of the (linear) Zariski
closure of a finitely generated matrix semigroup, the M-ambiguity, finite ambiguity,
and polynomial ambiguity properties are algorithmically decidable for invertible WFA.
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1. INTRODUCTION

Let f:Zsp - Q be a linear recurrence sequence (LRS). It is well-known that this is
equivalent to the formal power series F' =Y. f(n)x" representing a rational function
(without a pole at the origin). Within the class of LRSs, several structural properties of
the function F' are reflected in arithmetic properties of the sequence f of coefficients, as

demonstrated in the following instances.

e If each pole of F is at a root of unity, then the partial fraction decomposition
immediately shows that the asymptotic growth of f, as measured by the logarithmic
Weil height (meaning h(a/b) = logmax{|al,|b]} if gcd(a,b) = 1), is in O(log(n)).
Hence, the sequence f satisfies a growth restriction.

e If F' has only simple poles, then the coefficients of f are linear combinations of

exponentials, and hence are contained in a set of the form

M-Fozz{igi:mgM,giEF}
i=1

with I' < Q™ a finitely generated subgroup and M € Zsq (a multiplicative restriction).

e If F has only simple poles and they are all at roots of unity, then f takes only finitely

many values (a finiteness restriction).

It is much harder to show that one can sometimes recover such structural properties
from the induced arithmetic ones, that is, there are corresponding inverse results. For the
examples given here, this is possible even when one relaxes the condition of rationality
on F' and only assumes that F is D-finite, with rationality being obtained as part of
the conclusion: for finiteness this was shown by van der Poorten and Shparlinski [PS96]
and by Bell and Chen [BC17]; for the stated growth restriction it is due to Bell, Nguyen,
and Zannier [BNZ20, Theorem 1.3]; for the stated multiplicative restriction, it is a result
of Bézivin [Béz86, Théoreme 4], who generalized results of Pélya [P6121], Benzaghou
[Ben70], and himself [Béz87] which dealt with the case M = 1.

Recently, numerous new such inverse results have been established, often by using
deep theorems from number theory: for (multivariate) D-finite series there are growth
restriction results by Bell, Chen, Nguyen, and Zannier [BNZ20; BNZ23; Bel+24]. Here, a
full growth-based classification is conjectured, but currently unproven [BNZ23, Question
4.3]; it is related to long-standing open problems on Siegel E-functions. Results for
multiplicative restrictions have been proven by Bell and the second author [BS23a]. For
power series Mahler functions, a complete growth-based classification of five distinct
structural classes has been established by Adamczewski, Bell, and the second author
[ABS23], characterizing in particular k-automatic and k-regular sequences by their growth.
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Among the k-regular sequences, a more refined growth-based classification was given
by Bell, Coons, and Hare [BCH16, Theorem 2|, who in fact establish a growth-based
characterization of finitely generated subsemigroups of Z4*¢ [BCH16, Theorem 1].

A noncommutative rational series is a function f: X* - K from a free monoid X* on a
finite alphabet X to a field K that can be computed by a weighted finite automaton (WFA)
[BR11; Sak09]. The one-letter case corresponds exactly to LRSs. For noncommutative
series, an inverse result shows that the Pélya restriction (all nonzero values contained
in I', with I' < K finitely generated) corresponds precisely to those series computable
by unambiguous automata. This was conjectured by Reutenauer in 1979 [Reu79] and
recently proven by Bell and the second author [BS21].

The motivation, and goal, of the present work is a generalization of the main results of
[BS21] to establish a full correspondence between an ambiguity hierarchy (unambiguous,
finitely ambiguous, polynomially ambiguous) of weighted automata and a hierarchy based
on arithmetic restrictions on the outputs of these automata (or the semigroups arising
from their minimal linear representations). We achieve a surprisingly complete and
natural correspondence for the special case of invertible WFA, that is, WFA for which
the transition matrices are invertible (Theorem 1.6 and Fig. 1). It leads to decidability
of all of these properties (Corollary 1.7).

In fact, the problem leads us to consider arithmetic restrictions on linear groups: we
obtain arithmetic characterizations of finitely generated linear groups that are epimorphic
images of monomial representations, respectively, block-triangular representations with
monomial diagonal blocks. In characteristic zero, the results also hold for non-finitely
generated linear groups. As we will explain below, in a sense, these results can be seen
as an extension of the classical Burnside-Schur theorem (torsion linear groups are locally
finite): we characterize multiplicative-type restrictions, and the classic Burnside—Schur
theorem characterizes a corresponding finiteness restriction. Corresponding to that, we

encounter analogous limitations in positive characteristic.

Linear groups. Let I' be a finitely generated multiplicative subgroup of a field K. In
this case we always set I'g =T U{0}. For M € Zo the M-fold sumset of I'y is denoted by
M-Ty:={ Zf-\fl gi : gi € T }; we write the explicit dot to distinguish it from the dilation of
Tg by M. A set S c K is Bézivin if it is a subset of a set of the form M -T'g with T finitely
generated, and it is Pélya if it is a subset of some I'y (that is, if one can take M =1).

A matrix group G < GLy4(K) is Bézivin if there is a Bézivin set containing every entry
of every A € G; the Pdlya property for G is defined analogously. The Pélya property is
clearly not preserved under a change of basis, but the Bézivin property is (Lemma 2.1).

Let us stress that even the Bézivin property depends on the particular (faithful)
representation of G as a linear group, that is, a group G may have embeddings into
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some GLg4(K) that are Bézivin, while others are not. For instance, the representation
(Z,+) - GL1(Q), n = 2™ is trivially Bézivin, but (Z,+) - GL2(Q), n ~ ({7) is not
even locally Bézivin. Thus, the (local) Bézivin property is not a property of the abstract
group, but really of its chosen linear representation.

A monomial matrix (or generalized permutation matrix, or weighted permutation matrix)
is a matrix A for which every row and column has at most one nonzero entry. Of course,
if A is invertible, it has exactly one nonzero entry in each row and column. Naturally,
any finitely generated group of monomial matrices is Bézivin, even Pélya. Our first main
result is a sharpening of this observation together with an inverse result.!

The field K is uniformly power-splitting for G < GL4(K) if there exists some N > 1
such that AN e K for every eigenvalue of every matrix A € G. As usual, a group property
holds locally if it holds for every finitely generated subgroup.

Theorem 1.1. Let K be a field and G < GLy(K). Suppose that char K =0 or that G is

finitely generated. Then the following statements are equivalent.

(a) There exists T € GLy(K) such that TGT™ is locally Pélya and K is uniformly
power-splitting for G.

(b) The group G is locally Bézivin and K is uniformly power-splitting for G.

(¢) The group representation G — GL4(K) is an epimorphic image of a monomial

representation of G (over K).

(d) The group G has a finite-index subgroup of simultaneously diagonalizable (over K)

matrices.

An arbitrary group G has a faithful monomial representation over K if and only if
it has a finite-index subgroup H that is isomorphic to a subgroup of some (K X)d (a
monomial representation is obtained as an induced representation from a representation
of H). In particular, any such group is virtually abelian. If G is finitely generated, the
uniform power-splitting hypothesis in {a) and (b) can be dropped and the equivalence
still holds.

The interesting direction here is that one can deduce from the arithmetic restriction
(b) structural properties of the representation. We also observe that the local Pélya
property and the local Bézivin property characterize the same types of groups, however,
the Polya property only holds for a suitable choice of basis, while the Bézivin property
holds in any basis and is therefore much more natural in this context.

The proof of Theorem 1.1 makes essential use of the fundamental theorem on unit
equation in characteristic zero, a deep theorem from Diophantine number theory proven

More refined statements of our main theorems will be given in Section 3, after introducing some more
technical notions in Section 2.



FACTORING THROUGH MONOMIAL REPRESENTATIONS 5

by Evertse [Eve84] and van der Poorten and Schlickewei [PS91], that can nowadays
be deduced from Schmidt’s subspace theorem. In positive characteristic, solutions of
unit equations are effectively described by a theorem of Derksen and Masser [DM12], as
suitable orbits of compositions of twisted Frobenius automorphisms, and by a theorem
of Adamczewski and Bell [AB12, Theorem 3.1], as p-automatic sets. We use the result
by Derksen and Masser. The necessary background is given in Section 5. Using a
corollary that works in any characteristic (Proposition 5.6), we are able to give a proof
of Theorem 1.1 that works for any characteristic.

Remark 1.2. While finishing the write-up of the present paper, we were made aware
of the recent papers [Cor+22b; Cor+22a] and preprint [Cor+23] by Corvaja, Demeio,
Rapinchuk, Ren, and Zannier. The special case of Theorem 1.1 in which G is finitely
generated and char K = 0, yields a generalization of one of their main theorems [Cor+23,
Theorem 1.13]. Let us discuss the connection and differences in detail.

Corvaja, Demeio, Rapinchuk, Ren, and Zannier introduce the notions of a Purely
Exponential Parametrization and (PEP) sets. From their definitions, it is obvious that
every (PEP) subset of K% is contained in a set of the form (M -T'g)®*¢; conversely, every
set of the form (M -T)®? can be seen to be a (PEP) set (by using enough parameters
in the purely exponential parametrization). So, if G is finitely generated and char K =0,
one could replace (b) in Theorem 1.1 by “G is a subset of a (PEP) set”.

In notation adapted to the present paper, [Cor+23, Theorem 1.13] states that, for
a field K of characteristic zero and a group G < GL4(K), the following statements are
equivalent.

(A) Gis a (PEP) set.
(B) G has bounded generation (BG) and every element of G is diagonalizable (over K).

(C) G is finitely generated and the connected component GO of the Zariski closure G is
a torus.

If G is finitely generated, then (A)< (C) is almost (b) <> (d) of Theorem 1.1. A
difference is that (A) requires G to be a (PEP) set, whereas (b) only requires containment
in a (PEP) set. So Theorem 1.1{b) a priori makes no assumption on the existence
of certain elements, making (b)=(d) stronger. Of course, then we do not quite get
(C)=(A), but this is the “easier” direction (although it requires a clever observation to
see that finite unions of (PEP) sets are again (PEP) sets [Cor+23, Proposition 4.3)).

The stronger implication (b) = (d) that we deduce is crucial in the derivation of our
second main theorem and the applications to automata, because it is easy to see that
the involved sets are Bézivin (i.e., subsets of (PEP) sets) but not that they are indeed
full (PEP) sets, as the involved properties do not allow us to deduce enough information
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about existence of certain elements: this occurs in Proposition 8.4 in the implications
(a)=(b) and (b) = (¢), and in (1) of Proposition 9.3.

However, the arguments of [Cor+23] can also yield the stronger implication in charac-
teristic zero [Cor24]. Variants of our main results hold more generally for semigroups of
automorphisms (Section 3), and these more general results are also used in our application
to weighted automata.

For not necessarily finitely generated groups G, the implication (A)= (C) yields finite
generation. Our Theorem 1.1 does not directly imply that Bézivin groups in characteristic
0 are finitely generated, however this can be deduced from (d) using an additional small
observation (see Lemma 5.4 and Corollary 7.15). On the other hand, the article [Cor+23]
says nothing about the local properties or positive characteristic.

Given the similarity of Theorem 1.1 and [Cor+23, Theorem 1.13], let us note that
both proofs are powered by unit equations, however the approach appears to be quite
different: Corvaja, Demeio, Rapinchuk, Ren, and Zannier first derive a quantitative point
counting theorem [Cor+23, Theorem 1.5]. For this, they need stronger results on unit
equations. They also make use of the theory of generic elements developed by Prasad
and Rapinchuk [PR03; PR14; PR17].

By contrast, we only make use of the basic finiteness result on unit equations (of
course, then we also do not get a quantitative point counting theorem). We work directly
with linear groups, having no need to pass to linear algebraic groups or to use the theory
of generic elements. The key to our proof is instead Corollary 6.5: this allows us to
iteratively diagonalize suitable powers of matrices, while forcing a compatible structure
on the remaining group (Lemmas 6.6 and 6.8). In this way, step by step, the locally
Bézivin group is compelled to reveal its diagonalizable finite-index subgroup to us.

Interestingly, the motivation of [Cor+23] comes from a very different direction, namely
the study of the bounded generation (BG) property for linear groups, but one ends up
characterizing the same class of groups. In particular, a group consisting of diagonalizable
matrices (over K) has BG if and only if it is finitely generated Bézivin. In characteristic
zero we have nothing new to add to this angle. In positive characteristic it was already
known that BG groups are virtually abelian by a theorem of Abért, Lubotzky, and
Pyber [ALP03, Theorem 1.1]. Since our results hold in any characteristic, in the spirit of
[Cor+23], we now also easily recover this theorem from Theorem 1.1 (see Section 4.4). In

fact, we get a characterization of linear BG groups in positive characteristic (Corollary 4.3).

The spectrum of a group G < GLy(K) is the set of its eigenvalues, as a subset of
the algebraic closure K. The group G has finitely generated spectrum if its spectrum is
contained in a finitely generated subgroup of K. Since connected solvable linear groups
are simultaneously triangularizable over the algebraic closure K by the Lie-Kolchin
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Theorem [Bor91, Theorem 10.5], it is not hard to see that every virtually solvable group,
and thus in particular every block-triangular group with monomial diagonal blocks, has
locally finitely generated spectrum (Lemma 8.2). Our second main theorem is an inverse

result for this arithmetic restriction.

Theorem 1.3. Let K be a field and G < GLg(K). Suppose that char K =0 or that G is

finitely generated. Then the following statements are equivalent.

(a) The group G has locally finitely generated spectrum and K is uniformly power-splitting
for G.

(b) The representation G — GL4(K) is the epimorphic image of an (upper) block-

triangular representation with monomial diagonal blocks (over K).

The next corollary shows that, unlike the Bézivin property, having locally finitely

generated spectrum does not depend on the particular representation of G.

Corollary 1.4 ([Ber05]). Let K be a field and G < GL4(K) a linear group. Suppose that
char K =0 or that G is finitely generated. Then G has locally finitely generated spectrum

if and only if it is virtually solvable.

Corollary 1.4 has previously been deduced by Bernik [Ber05] in characteristic zero
as a consequence of the theory of generic elements by Prasad and Rapinchuk. Bernik
even obtains virtual solvability under the—a priori—weaker condition that the spectrum
is contained in a finitely generated field. Our proof does not make use of the theory of
generic elements or Bernik’s result.

For non-finitely generated groups, Theorems 1.1 and 1.3 do not hold in positive
characteristic in general: the group GLd(IETp) is not virtually solvable for d > 2, yet,
being a torsion group, it is locally finite by Burnside—Schur, hence it has locally finitely
generated spectrum and is even locally Bézivin.

However, by Tits’ alternative, a finitely generated linear group is either virtually
solvable or contains a non-cyclic free subgroup. Combining this with Corollary 1.4, the

following does hold in any characteristic even for non-finitely generated groups.

Corollary 1.5. Let K be a field. A group G < GL4(K) has a non-cyclic free subgroup if

and only if it does not have locally finitely generated spectrum.

To put Theorem 1.3 into perspective, let us compare it to some other results char-
acterizing linear groups by restrictions on their spectrum. We say that G' < GL4(K) is
tame if its spectrum consists of roots of unity. Equivalently, the group G has locally finite
spectrum.? Tame groups show up in [BCH16] [ABS23, Section 8]. Torsion groups are

2A finitely generated group is defined over a finitely generated field and consists of matrices of a fixed
dimension. Hence, only finitely many roots of unity are possible for each finitely generated subgroup.
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tame, and a well-known variant of Burnside—Schur shows, using a trace argument, that
absolutely irreducible tame groups are locally finite (see for instance [Lam91, Lemma 9.3];
compare to Proposition 8.4). In characteristic zero, absolutely irreducible tame groups
are even finite, because torsion groups are finite.

Let us now assume that char K = 0 and K = K is algebraically closed. Let G < GLg(K)
be tame. Choosing a suitable basis, we can assume that G is block-triangular with

absolutely irreducible diagonal blocks. Now these diagonal blocks are finite. Explicitly,

Sy Khxdo o g

0 S ... Ko
G: . .2 . .

o ... ... S

with finite S; < GLg, (K). Trreducible representations of finite groups are always epi-
morphic images of the regular representation, and we get that G has a block-triangular
representation with permutation matrices in the diagonal blocks.

In this spirit, Theorem 1.3 extends this characterization from groups having locally
finite spectrum to groups having locally finitely generated spectrum.

At the other end of the spectrum (pun intended), if the spectrum of an irreducible
group G < GLg(K) is contained in the field K, then G is conjugate to a subgroup of
GL4(K) by a theorem of Bernik [Ber07; RY19]. Thus, in Bernik’s theorem, a weaker
restriction on the spectrum controls representability over a subfield.

Many other spectral properties of matrix (semi)groups have been studied. One that
is particularly close in spirit to the locally finitely generated spectrum property is the
submultiplicative spectrum property [Rad00; Kra05; Gru+12]: A semigroup S ¢ C has
submultiplicative spectrum if, for all A, B € S every eigenvalue of AB is of the form o
with o an eigenvalue of A and  an eigenvalue of B. Semigroups with submultiplicative
spectrum have locally finitely generated spectrum, but submultiplicativity is much more
restrictive. If S ¢ C¥? is irreducible with submultiplicative spectrum, then there exists a
finite nilpotent group G < C*? such that C*S = C*G [Rad00, Proposition 2.7].

Incidentally, the Burnside—Schur Theorem as well as the mentioned results extend
to matrix semigroups S ¢ K% although in the generalizations of the Burnside-Schur
Theorem, the restriction to finite generation is now essential, even in characteristic zero
(see [Stel2] for a proof and a comprehensive list of earlier proofs). Extending Theorems 1.1
and 1.3 to semigroups is beyond the scope of the present work, but may be feasible and
would allow us to remove the invertibility restriction in the WFA case (see Section 11).

In a related spirit to Theorem 1.1, Bernik, Mastnak, and Radjavi [BMR11] and Cigler
and Drnovsek [CD13] have shown that irreducible semigroups S ¢ C%¢ with nonnegative
diagonal entries can be conjugated to a monomial semigroup.
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FIGURE 1. The natural complexity hierarchy for rational series (func-
tions computable by WFA) based on ambiguity is reflected in arithmetic
properties of the outputs, respectively the semigroup of a minimal linear
representation. Full arrows represent unconditional implications, the im-
plications of the dashed arrows are currently known in the invertible case
(Theorem 1.6, Proposition 9.3, and [BS21]). The picture represents the
case of algebraically closed fields, for simplicity.

Ambiguity of WFA. Let X be a finite alphabet and K a field. The fundamental
Kleene—Schiitzenberger Theorem shows that a function f: X* — K is a noncommutative
rational series if and only if it can be computed by a WFA (this holds even when K is
just a semiring instead of a field) [BR11, Chapter 1] [Sak09, Chapter I11.2].

WFA can equivalently be described through their linear representations. In this context,
a linear representation is a tuple (u,u,v) of vectors u € K¢, v ¢ K%! and a monoid
homomorphism p: X* - K such that f(w) = up(w)v for every word w € X*. We say
that a WFA (or its linear representation) is invertible if (X *) € GL4(K). Represented
in a suitable way as a directed graph, WFA can be viewed as a computational model;
as such they are a central object of study in theoretical computer science, we refer to
[Sak09; DKV09; BR11] as starting points into the vast literature.

Among WFA, there is a natural complexity hierarchy, determined by how many success-
ful runs a given word can have, leading to deterministic, unambiguous, finitely ambiguous,
polynomially ambiguous, and exponentially ambiguous WFA (see Definition 9.1). The
ambiguity of a given WFA does not depend on the weights; it can be elegantly character-
ized in terms of certain features of the underlying directed graph. These features can be
algorithmically decided by classical work of Weber and Seidl [WS91].
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However, a given rational series f: X* - K can be computed by many different WFA.
Over a field, there is, up to a base change, a unique minimal one (minimal number of
states, corresponding to minimal dimension of the linear representation). Unfortunately,
the minimal WFA will typically not achieve a low ambiguity class, as the low ambiguity
comes at the expense of increasing the number of states. One therefore faces the question:
given a rational f: X* — K represented by some WFA, is it decidable what the lowest
ambiguity class of a WFA that recognizes f is? In particular, one can ask if f is
computable by a deterministic WFA. This question has a long history for WFA over
tropical semirings (see the survey [LS06] as a starting point). The general problem is still
open in this setting [[.S06, Problem 2], but within the class of polynomially ambiguous
WFA the problem has since been resolved by Kirsten and Lombardy [KL09].

For fields, there was a long-standing conjecture of Reutenauer that was recently
solved in [BS21], and that shows that computability by unambiguous WFA corresponds
exactly to the rational series having the Pélya property. Together with the computability
of the (linear) Zariski closure, established for matrix groups by Derksen and Jeandel
[DJKO05a] and for matrix semigroups by Hrushovski, Ouaknine, Pouly, and Worrell
[Hru+18; Hru+23] (see also [Nos+22; BS23b]), this shows that both determinizability
and unambigualizability over fields is decidable, resolving [LLS06, Problem 1]. First
complexity bounds were given by Benalioua, Lhote, and Reynier [BLR24], and in the
subclass of polynomially weighted automata by Jecker, Mazowiecki, and Purser [JMP24].

We mention [Kirl2; Collb; CP17; Dav+17; MR17; CP20; Kos22; Hru+23; Kos24] as
further pointers into the recent literature on determinizability and unambigualizability of
weighted automata. An interesting connection between rational series and one-dimensional
topological theories was recently established by Im and Khovanov [1K22; TK24].

Assuming the WFA is invertible, our group-theoretic results yield a perfect corre-
spondence between the best possible ambiguity class of a rational f:X* — K, and
corresponding arithmetic properties on the values, respectively, the semigroup of a mini-
mal linear representation, as depicted in Fig. 1. Two WFA are equivalent if they compute

the same series.

Theorem 1.6. Let A = (u,p,v) be a minimal linear representation of an invertible WFA
over a field K, and let M € Zs.

(1) The WFA is equivalent to an M-ambiguous WFA if and only if there exists a finitely
generated T' < K* such that uu(X*)v € M -Ty. In particular, it is equivalent to a
finitely ambiguous WFA if and only if the outputs form a Bézivin set.

(2) The WFA is equivalent to a polynomially ambiguous WFA if and only if n(X*) has
finitely generated spectrum and K is power-splitting for u(X*).
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In fact, in these cases the equivalent automaton A can be chosen in such a way that the
transition matrices are monomial, respectively, block-triangular with monomial diagonal
blocks (Proposition 9.4). In the special case M =1, Theorem 1.6(1) recovers the main
result of [BS21], when restricted to invertible WFA (no restriction is necessary in [BS21]).

Using Theorem 1.6, the complexity classes become decidable. (The restriction on the
field can be loosened, see Section 10.)

Corollary 1.7. Let A= (u,pu,v) be a linear representation of an invertible WFA over a
number field K.

(1) It is decidable whether A is equivalent to a finitely ambiguous, respectively, a polyno-
mially ambiguous WFA.

(2) If A is equivalent to a finitely ambiguous WFA, then the minimal ambiguity M of
such a WFA is computable.

It is also possible to compute an equivalent finitely ambiguous, respectively, polyno-
mially ambiguous WFA if it exists. In the finitely ambiguous case, this WFA can be
computed to be of the minimal possibly ambiguity M. While we show that the problems
are decidable, our algorithms are presumably not particularly efficient or practical, as
they are based on the computation of the (linear) Zariski closure of a finitely generated

group of matrices. In several special cases better algorithms are known.

Proofs. In [BS21] unit equations were used together with the linear Zariski topology
to great effect in the unambiguous (Pélya) case of WFA. Because the Pélya property
depends on the initial and terminal weights of a WFA, it does not reduce to a purely
(semi)group-theoretic question.

Unfortunately, the key lemma [BS21, Lemma 4.2] does not appear to generalize in a
suitable form to attack Bézivin set problems we face here. Instead, we need to inspect
the matrix groups much more closely, applying unit equations in a novel but very natural
way, in the key results Proposition 6.4 and Corollary 6.5.

The heavy lifting for the Bézivin case is done in Sections 6 and 7. The heart of
the arguments is contained in Proposition 6.4 and Lemmas 6.6 and 6.8. The finitely
generated spectrum case is dealt with in Section 8. As we hope the results may be useful
to people with a variety of mathematical backgrounds, we strive to provide detailed and
mostly self-contained proofs, where this is reasonably possible. In contrast to [BS21], we
avoid using the height machinery also in positive characteristic; considerations using the

natural density in subsets of the integers end up being sufficient.
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2. NOTIONS AND PRELIMINARIES

For m, n € Zsg, we write [m,n] = {x e€Z:m <x <n} for the discrete interval and set
[n] =[1,n]. If K is a field, we denote by p,(K) the group of all n-th roots of unity, by
tr (K) the set of primitive n-th roots of unity, and set p(K) = Ups1 pn (K).

It will be useful to make use of the language of linear representations of groups (and
sometimes semigroups). Let K be field, embedded in a fixed algebraic closure K, and let
V be a finite-dimensional vector space over K. A (K-)representation of a semigroup S
is a semigroup homomorphism p: S — End(V'), or, more explicitly, it is the pair (V] p).
We only consider finite-dimensional representations. A representation is faithful if p is
injective. A morphism (or S-equivariant map) between representations (V, p) and (W, o)
is a linear map ¥:V — W such that Up(s) = o(s)V for all se S.

Almost exclusively we will only consider representations S — GL(V') with invertible
images (which is of course a severe restriction), with Proposition 6.4 and Corollary 6.5
being the notable exceptions. For the problems we consider, this will turn out to
essentially be equivalent to considering group representations G - GL(V'). However, the
more general statements are more natural in the applications to automata theory.

A matrix semigroup S € GL4(K) is Bézivin if there is a Bézivin set containing every

entry of every A € S; the Pdlya property for S is defined analogously.

Lemma 2.1. If S ¢ GLy(K) is a Bézivin semigroup and T € GL4(K), then also TST™*
is Bézivin.

Proof. Let I' < K™ be finitely generated and let M > 0 be such that all entries of all
matrices A € S are contained in M -T'g. Suppose T' = (%i;)1<; j<q and T-!= (t;j)1§i7j5d. If
A = (aij)1<ij<d € S, then the rs-entry of TST ! is Z;{jzl triaijtz-s. Taking I to be the
group generated by I' together with all ¢;; and t;j, we see that all elements of T.ST~!
have their entries in d?M - T}. O
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Thus, the Bézivin property is independent of the choice of basis (although the constant
M and the group I" may change). Given a representation p: S — End(V') of a semigroup
S, we therefore say that p has finitely generated spectrum, respectively the Bézivin property,
if this is the case for p(S) for some choice of basis on V' (and hence for all choices of
bases on V).

A semigroup S ¢ GL(V) is irreducible if it acts irreducibly on V, that is, there is no
nonzero proper S-invariant subspace of V. The semigroup is absolutely irreducible if it is
irreducible when considered over K, that is, as a subsemigroup of GL(K ®x V).

The notion of a steady endomorphism will be of central importance in our proofs.
Definition 2.2. An endomorphism A € End(V) is steady if

(1) every subspace U €V that is A™-invariant for some n > 1 is A-invariant, and

(2) all eigenvalues of A are contained in K.

The following basic properties of steadyness are easily deduced using the Jordan normal

form (see Section 6 below for proofs).

Lemma 2.3. Let AeEnd(V).

(1) There exists some n > 1 such that A™ is steady if and only if there exists some m > 1
such that \™ € K for all eigenvalues X € K of A.

(2) If A is steady and X\, p € K are eigenvalues with Ay a root of unity, then X = p.
(3) If char K > 0, then every steady A € End(V') is diagonalizable.

Since property (1) of Lemma 2.3 will be important, we make the following definitions.

Definition 2.4. Let S € GL(V') be a semigroup.

(1) A field L 2 K is power-splitting for S if for every A€ S and every eigenvalue \ € K

of A, there exists some m > 1 such that \™ € K.

(2) A field L 2 K is uniformly power-splitting for S if there is an N > 1 such that AN € K

for every eigenvalue A of every Ae S.

Given a representation p: S - GL(V') every decomposition V = V1 &---@V,. gives rise to a
block-decomposition of p. We denote by p;; the corresponding map p;;: S - Homg (V}, V;).
Each diagonal block p;; is of course itself a representation of S.

Definition 2.5. A semigroup representation p:S - GL(V') is

(1) monomial if there exists a decomposition V =Vi &---@&Vy into one-dimensional spaces,
such that for every s € S and every j € [d], there exists i € [d] such that p(s)V; € V.
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(2) (upper) block-triangular with monomial diagonal blocks if there exists a decomposition
V=Vie--&V, such that p;j =0 fori<j and py is monomial for all i€ [r].

In other words, a representation is monomial if and only if, after a suitable choice of
basis, every matrix of the representation has exactly one nonzero entry in each row and
each column. A representation is block-triangular with monomial diagonal blocks if, after
a suitable choice of basis, every matrix has that shape.

In general, locally Bézivin representations (even of finitely generated semigroups) will
not be monomial. For instance, every finite matrix group is trivially Bézivin, but not

necessarily monomial. For this reason, the following weaker notions are useful.

Definition 2.6. Let p: S — GL(V') be a semigroup representation. A weakly epimonomial
decomposition (of V' for p) is a vector space decomposition V =V & - @&V, such that

(1) every V; is contained in an eigenspace of all steady p(s) (s € S),
(2) every p(t), with t € S, permutes the spaces Vi, ..., V,, and
(3) the field K is power-splitting for p(S).

The representation p is weakly epimonomial if there exists a weakly epimonomial decompo-
sttion.

In different terminology, the spaces Vi, ..., V,. are an imprimitive system for p,
consisting of subspaces of joint-eigenspaces of the steady elements. Given a weakly

monomial decomposition, we call
D ={p(s) € p(S) : every V; is contained in an eigenspace of p(s) }

the diagonal of the p with respect to the decomposition. The diagonal D is a commutative
subsemigroup of p(.S) (subgroup if S =G is a group), and it embeds into (K*)".

After a choice of basis that is compatible with the decomposition V =V @ --- & V., the
set D is indeed precisely the subset of diagonal matrices in p(S) that are scalar on each
V;. Restricting a weakly epimonomial representation to a subsemigroup S’, trivially gives
again a weakly epimonomial representation of S’.

We will later see: if p: S — GL(V) is weakly epimonomial and G = (p(.S)) is the group
generated by p(.S), then G - GL(V) is weakly epimonomial as well (Lemma 7.1).

Definition 2.7. (1) Let p:S —» GL(V) be a semigroup representation with diagonal D,
and let G = (p(S)). A weakly epimonomial decomposition for p is epimonomial if
G/(D) is finite.

(2) A semigroup representation p: S — GL(V') is epimonomial if it has an epimonomial

decomposition.
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If S ¢ GL(V) is a subsemigroup, we apply all of this terminology to S as well, via the
representation S < GL(V) arising from the inclusion. Note that these notions depend
on the representation, respectively, the particular embedding of S into GL(V), and as
such are not properties of the abstract semigroup S (or abstract group G).

If a group representation p:G - GL(V') is epimonomial with diagonal D, it is easy
to see that first restricting to p~'(D), and then considering the induced representation
on G, gives a monomial representation for G. Specifically, we have the following (see

Lemma 7.11 for a proof).

Proposition 2.8. If p: S - GL(V) is an epimonomial semigroup representation, then

there exists a monomial representation ;S — GL(V) and an epimorphism (V,p) -
(V.p).
3. STATEMENTS OF MAIN RESULTS

We now state our main results in full generality. Let K be a field and V' a finite-
dimensional vector space. Our first main theorem characterizes locally Bézivin represen-

tations (over any field).

Theorem 3.1. Let p:S - GL(V) be a semigroup representation. Then the following

statements are equivalent.
(a) There exists a basis of V' with respect to which p is locally Pdélya.
(b) The representation p is locally Bézivin.

(c) The representation pr:S - GL(L @k V') is locally Bézivin for some extension field
L/K, and K is a power-splitting field for pp(S).

(d) The representation p is weakly epimonomial.

(e) The representation p is locally epimonomial.
For finitely generated S, we will get the following corollary.

Corollary 3.2. If S is finitely generated and G = (p(S)) is the group generated by p(S),

then the following statements are equivalent.
(a) There exists a basis of V' with respect to which p is Pdlya.
(b) The representation p is Bézivin.

(¢) The representation pr:S - GL(L @ V') is Bézivin for some extension field L/ K,
and K is a power-splitting field for pr(S).

(d) The representation p is epimonomial.
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(e) The group G is virtually simultaneously diagonalizable (over K).

(f) The representation p is the epimorphic image of a monomial representation of S.
If S is not finitely generated, we still get a similar result in characteristic 0.

Corollary 3.3. If char K =0 and G = (p(S)), the following statements are equivalent.

(a) The representation p satisfies the equivalent conditions of Theorem 3.1 and K is

uniformly power-splitting for p(.S).
(b) The group G is virtually simultaneously diagonalizable (over K).

(¢) The representation p is the epimorphic image of a monomial representation of S.

The proof of Corollary 3.3 makes use of the Jordan—Schur Theorem and the variant of
the Burnside—Schur Theorem that shows that a linear torsion group of finite exponent
over a field of characteristic zero is finite.

For representations with locally finitely spectrum, we obtain the following.

Theorem 3.4. Let p:S - GL(V') be a semigroup representation. Then the following

statements are equivalent.

(a) The representation p has locally finitely generated spectrum and K is power-splitting
Jor p(S5).
(b) The representation p is block-triangular with locally epimonomial diagonal blocks.
Combining Theorem 3.4 with Corollaries 3.2 and 3.3 we obtain the following.
Corollary 3.5. If
e the semigroup S is finitely generated, or
e the field K is uniformly power-splitting for p(S) and char K =0,
then the statements of Theorem 3.4 are in addition equivalent to

(¢) There exists a representation 7 S — GL(V) that is block-triangular with monomial

diagonal blocks and an epimorphism (V,p) - (V,p).

Here, it is not possible to remove the power-splitting hypothesis when S is finitely
generated (Example 4.1).
Theorems 1.1 and 1.3 and Corollary 1.4 are now easily deduced.

Proof of Theorem 1.1. We consider the faithful representation p:G = GLy(K). If G is
finitely generated, then the equivalences, without the uniform power-splitting hypothesis
in (a) and (b), hold by Corollary 3.2 applied to p. Since K is trivially uniformly
power-splitting for an epimonomial G, also the uniform power-splitting hypothesis holds.
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Now suppose char K = 0. Then the claims hold by Corollary 3.3. ([

Proof of Theorem 1.3. Again consider p: G < GL4(K). If G has locally finitely generated
spectrum and K is uniformly power-splitting for G, then Corollary 3.5 yields the claim.

In the converse direction, to apply Corollary 3.5 again, it suffices to observe that K
is uniformly power-splitting for G. Let V = K%' and let G - GL(V) be a block-
triangular representation with monomial diagonal blocks such that p is an epimorphic
image of p. Let V - V denote the G-equivariant epimorphism.

There exists N > 1 such that 5(g)" is upper-triangular for each g € G. Thus, the field
K is uniformly power-splitting for 5. Considered as a vector space epimorphism, the map
7 splits, so that V = ker(m) @ V. Since ker(r) is G-invariant, the elements of 5(G) have a
block-triangular form with respect to this splitting, and the spectrum of p(g) is a subset
of the spectrum of p(¢g). Hence, the field K is also uniformly power-splitting for G. O

Proof of Corollary 1.4. Suppose G has locally finitely generated spectrum. Since K
is trivially uniformly power-splitting for p(G), there exists a faithful block-triangular
representation of G over K with monomial diagonal blocks (Corollary 3.5). The finite-
index subgroup whose diagonal blocks are themselves diagonal is solvable. Hence, the
group G is virtually solvable. Conversely, every virtually solvable group has locally
finitely generated spectrum (Lemma 8.2). O

We will prove Theorem 3.1 and Corollaries 3.2 and 3.3 in Section 7, after doing the

heavy-lifting in Section 6. Theorem 3.4 and Corollary 3.5 will be proved in Section 8.

4. GUIDING EXAMPLES AND SPECIAL CASES

We gather some easy examples that illustrate the conditions and limitations of the
theorems as well as some interesting special cases. The section provides some context
for the (uniform) power-splitting conditions and the limitations to characteristic zero in
some of our theorems. The section can otherwise safely be skipped.

4.1. One-letter WFA: Linear Recurrence Sequences (LRS). Let K be a field. It
is well known that a K-valued sequence (a(n))nso is an LRS if and only if there exist
d >0, a matrix A ¢ K¢ and vectors u ¢ K% and v € K% such that a(n) = uA™
for all n > 0. Equivalently, the generating function Y > a(n)z" is a rational function
P/Q ¢ K(z) with Q(0) = 1. Equivalently, the sequence (a(n))nso is generated by a
one-letter weighted finite automaton: if X = {z} is the alphabet, then a(n) is the output
of the word 2".

Ezample 4.1. Let A= (91) e GLa2(Q), let u = (1,0), and let v = (0,1)7. Then F, := uA™v
_ 1xV5

is the sequence of Fibonacci numbers. The eigenvalues of A are ¢, = =5~>. Since no
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power of ¢, is in Q (for instance, because ¢7 = . F, + Fj,_1 and ¢, ¢ Q), the group
generated by A is not power-splitting over Q. Hence, it does not even have a block-
triangular representation with monomial diagonal blocks. On the other hand, over the
field L = Q(+), the matrix A is diagonalizable. Thus, the group (A) and the sequence
F, = %gpf - %(p? are Bézivin over L. This shows that the power-splitting condition in

the main theorems cannot be removed.

Consider an arbitrary LRS of the form a(n) = uA™v. By dropping finitely many initial
terms, we can assume A € GLy(K). We also assume that d is minimal for the given LRS.
If K is algebraically closed of characteristic 0, then (a(n))nso is Bézivin if and only if A
is diagonalizable: this follows from a theorem of Bézivin [Béz86, Théoréme 4] or as a
special case of Proposition 9.3(2) together with Theorem 1.1.

Similarly, for an arbitrary field K, the sequence (a(n))nso is Bézivin if and only if
some power of A is diagonalizable over K. In this case (and only then), one can find
a linear representation (@, A,7) of the same LRS (a(n))ns0 with a monomial matrix A
by Proposition 9.4. The LRS case, corresponding to one-letter WFA, was also recently
studied in detail by Kostolanyi [[K0s22; Kos24].

By passing to an extension field (in which we can put A into Jordan normal form) an
LRS can always be computed by a polynomially ambiguous WFA, while computability
by a finitely ambiguous WFA over an extension field corresponds to diagonalizability of
A. In particular, the exponentially ambiguous case only appears for alphabets with at

least two letters.

4.2. Non-finitely generated groups. For non-finitely generated groups two issues

appear: one needs to assume uniform power-splitting and characteristic zero is essential.

Ezample 4.2. (1) Consider the embedding C* — GLa(R) given by a +bi > ( % 2) Re-
stricting to u(C), we get a locally finite, and hence locally Bézivin, representation of
1(C) over R. However, the group p(C) does not have a faithful monomial representa-
tion over R: suppose j: u(C) - GLg(R) is a faithful monomial representation. Then
F(O)™ is diagonal for each ¢ € u(C). Because j(¢)% has finite order, its diagonal
entries must be +1, showing that j(¢)?# = I. This contradicts the existence of
elements of arbitrarily large order in p(C). Of course, the field R is power-splitting

but not uniformly power-splitting for our original representation of u(C).

(2) Fixn>1and let R, = {2z e C*:2" e R}. Then R, is infinite abelian and R,, can
be embedded into GLy(R) as a uniformly power-splitting locally Bézivin subgroup;
indeed with the embedding as in (1), we have

Rn = U CRxa

Cepn(C)
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(identifying R* ¢ GL2(R) with the scalar matrices). Hence, the group R,, does have
a monomial representation over R (Corollary 3.3). Indeed, here R* is simultaneously

diagonal of finite index.

(3) Let K be a field of positive characteristic p > 0. Consider the faithful representation
p: (K, +) —» GLa(K) defined by
1 =z
x)= .
p(x) (0 1)

Since im p is an abelian p-torsion group, it is locally finite. In particular, therefore p
is locally Bézivin.

Suppose that 7: (K, +) - GL(V) is a faithful monomial representation on a vector
space of dimension d. Then there is a group homomorphism ¥:im7 - &, to the
symmetric group, mapping an element of im 7 to its underlying permutation. Let
D = 17! (ker(¢)). Then D maps to diagonal matrices under 7, hence D < (K*).
Now D is p-torsion, and hence embeds into the p-torsion subgroup of (K*)9, that is
D < pu,(K 4. Thus, the group D is finite, and also of finite index in K. Hence, also
K is finite.

Thus, over an infinite field of positive characteristic, the group (K,+) has a
faithful locally Bézivin representation and K is uniformly power splitting for that
representation, but (K, +) has no faithful monomial representations, showing that

Corollary 3.3 does not hold in general in positive characteristic.

4.3. k-regular and k-automatic sequences. In the 90s, Allouche and Shallit intro-
duced the notion of a k-regular sequence as a generalization of a k-automatic sequence
[AS03] (here k € Zs, is an arbitrary but fixed parameter). One of the equivalent definitions
is the following: a sequence (a(n))n>o with values in the field K is k-regular if there exist
d >0, matrices Ay, ..., Ap_1 € K% and vectors u € K™%, v e K% such that,

l
a( ankzz) =uApy A,
=0

whenever [ >0, and ng, ..., n; € [0,k—1]. In other words, there is a WFA on the alphabet
of k-adic digits X = [0,k — 1], such that whenever a word w € X * represents the number
n in base k, then a(n) is the output of the WFA for the word w.? We suppose that the
dimension d is minimal for the sequence, that is, the WFA is minimal.

3The word w may have leading zeroes, but all such words representing the same number produce the
same output, in this definition. In defining the class of k-regular sequences, it does not actually matter
whether the WFA reads the base k representation from least to most significant digit or the other way
around.
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The class of k-regular sequences contains the k-automatic sequences as a subset;
conversely, the generating function of any k-regular sequence is k-Mahler (see [ABS23)]
for definitions).

Let K = Q. Then the class of k-Mahler functions can be separated into five distinct
classes based on the asymptotic growth of their coefficients, as measured by the logarithmic
Weil height [ABS23]. The three slowest growing classes correspond to k-regular sequences:
O(logn), O(loglogn) and O(1). Here the O(loglogn) class correspond to the matrix
semigroup S generated by Ao, ..., Ax_1 being tame, that is, the semigroup has locally
finite spectrum. The class O(1) corresponds to k-automatic sequences, which is equivalent
to S being finite, and is trivially Bézivin.

Let us restrict to the consideration of k-reqular sequences for which the matrices Ag,
..., Ap_1 are invertible. Then the classification by the Bézivin property and finitely
generated spectrum, established in this paper, interfaces with the growth classification of
[ABS23] to yield the following picture.

k-regular
Uk

f.g. spectrum

% 2

Bézivin tame
2 &

k-automatic

4.4. Bounded generation. A motivation in [Cor+22b; Cor+22a; Cor+23] is the study
of the bounded generation (BG) property for linear groups. A group G has BG, if there
exist Ay, ..., A, € G such that G = (A1)--<(4,,). One of the main results of Corvaja,
Demeio, Rapinchuk, Ren, and Zannier [Cor+23, Theorem 1.13] is that, in characteristic
zero, a linear group G, all of whose elements are diagonalizable, has BG if and only if G
is finitely generated and the connected component of its Zariski closure is a torus. In
particular, such a group is virtually abelian.

This is based on the observation that a BG group whose elements are diagonalizable
is a PEP set [Cor+23, Example 1.4]; the same observation shows that a BG group is
Bézivin so that Theorem 1.1 recovers the result, but this does not give anything new.

In positive characteristic, Abért, Lubotzky, and Pyber had already shown before that
every linear BG group is virtually abelian [ALP03, Theorem 1.1]. Here it is not necessary
to assume that the elements are diagonalizable. Since our Theorem 1.1 also holds in

positive characteristic, we obtain a strengthening of [ALP03, Theorem 1.1].
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Corollary 4.3. Suppose K has positive characteristic. A group G < GL(V') has bounded
generation (BG) if and only if it is finitely generated and wvirtually simultaneously

diagonalizable (over K).

Proof. First suppose that G has BG. We identify GL(V') 2 GLy(K) and may assume
K =K. Say G = (A;)--(A,) with A; e GLy(K). Then G is obviously finitely generated
by A1, ..., A,. For each A;, choose T; e GLy(K) such that B; = T; AT is in Jordan
normal form. Since the characteristic is positive, there exists some power ¢ = p® such

that B{ is diagonal for all i € [n] (see, for instance, the proof of Lemma 2.3). Now

G= U U (@'BI™ By T)(T, By B, Tn).
71y, €[0,g=1] M1,...,mn€Z
For fixed rq1, ..., r,, these matrices have their entries in some Bézivin set (over F),
because the B are diagonal and everything else is constant. But then the finite union G
is also Bézivin. Now Theorem 1.1 implies the claim.
For the converse direction, it is sufficient to note that G is virtually abelian, and every

virtually abelian group is easily seen to have BG. U

5. UNIT EQUATIONS: LINEAR EQUATIONS OVER FINITELY GENERATED (GROUPS

Throughout this section, let K be a field and let I' < K™ be a finitely generated
subgroup. The theory of unit equations concerns itself with the study of solutions

(20,...,2,) € ™! to a linear homogeneous equation
apXo+-+apX, =0 (a; € K). (1)

The restriction to solutions in I' turns this into a problem in Diophantine number theory.
Obviously, any I'-multiple of a solution is again a solution, so it makes sense to consider
projective solutions (xg : -+ : x,) € P*(I") which have a representative with xq, ..., 2, €T
If, for a solution @ = (z¢ : -+ : ), there is a subset @ # I ¢ [0,n] such that ¥,.;a;x; =0,
then « is degenerate. Otherwise, the solution x is non-degenerate.

In a degenerate solution, one can multiply subsums by different scalars, potentially
generating infinitely many solutions. However, for non-degenerate solutions and char K =
0, we have the following celebrated theorem. It was proven independently by Evertse
[Eve84] and van der Poorten—Schlickewei [PS82] for number fields, and extended to
fields of characteristic zero in [PS91]. The theorem can also be deduced from Schmidt’s
subspace theorem. See [EG15, Chapter 6] or [BG06, Theorem 7.4.1] for details.

Theorem 5.1 (Main Theorem on Unit Equations). Suppose char K =0. Then Eq. (1)

has only finitely many non-degenerate solutions in P™(T").
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Now suppose char K = p > 0. Then the conclusion of the theorem does not hold,
because the Frobenius automorphism can generate infinitely many solutions. However,
these solutions can still be partitioned into finitely many orbits by a theorem of Derksen
and Masser [DM12, Theorem 3], that we describe in the following. Let /T < K™ be the
group of all 4 € K* for which there exists n > 1 with 4" € I'. A v/T-automorphism is a
map

V:PY(K) > P*(K), (xo::xp) > (qozg:: apty)

with ag, ..., an € VT. For q a power of p, let

pqlwo - imn) = (2t ).

For \/T-automorphisms 1, ..., 1, and y € P*(K) let
(W1, le{y) = { (W7 08 1) (W3 20 ) (U o ) (y) tex, ..., en 20} (2)

Thus, the set [¢1,...,%%]q{y} is obtained from the point y by applying powers of
Frobenius automorphisms, twisted by suitable /T-automorphisms.

Theorem 5.2 ([DM12, Theorem 3]). Let char K =p>0. If VT is a finitely generated
group and S € P(T") is the set of non-degenerate solutions of Eq. (1), then there exists

some power q of p such that S is contained in a finite union of sets of the form as in
Eq. (2) (with k<n-1).

If K is a finitely generated field and I is finitely generated, then /T is also finitely
generated (see, for instance, [BS21, Lemma 4.1] for a proof of this well-known fact).
When applying Theorem 5.2, we will always be able to work in a finitely generated field.

An easy consequence of Theorems 5.1 and 5.2 is the following useful lemma.

Lemma 5.3. Let A € K and let p = char K > 0. Suppose there exist ag, ..., ap € K*
such that

(Ig)\n € alfg + et CLMF(_)

or infinitely many n € Z ~ pZ. Then there exists m > 1 such that N € I'.
for infinitely Y p

Proof. We assume \ # 0, as the claim is trivially true otherwise. Working in the field
generated by ag, ..., apr and I' over the prime field of K, we may also assume that K
is finitely generated. By assumption there exist an infinite set 2 € Z \ pZ and maps 1,

oy Y Q = T such that ag\" — a1y1(n) = —apyp(n) =0 for all n e Q. We view the
tuples (A", v1(n),...,vm(n)) as solutions to a unit equation in M + 1 variables over the
group generated by I'u {A}. Since each solution can be partitioned into non-degenerate
solutions of subequations, and there are only finitely many ways to partition the set [0, M],
there exists a subset I ¢ [M] and an infinite set Q' € Q such that agA\” — Y7 a;7:(n) =0
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is non-degenerate for all n € Q'. Because ag, A # 0, necessarily I # @. After renumbering
the 7;, without restriction I = [[] with [ € [M].

First suppose char K = 0. Theorem 5.1 implies that { \"/y1(n) : n € Q'} is finite.
Hence, there are n = n' € Q' with A\"/y1(n) = X /y1(n’). Then A*™ =4y (n)/y1(n') € T.

Now suppose char K = p >0. Then Theorem 5.2 implies that { (A" :y1(n) : - :y(n)):
n € Q' } is contained in a union of finitely many sets of the type as in Eq. (2). Hence,
there exists an infinite subset Q" ¢ Q' all of whose solutions are contained in a single
such set. On this set, we can express the ratio of the first two coordinates in the form

A" e1(n)_1

el(n)(qeg(n)_l) qel(n)+..-+ek_1(n)(qek(n)_l) e1(n)+teg(n)
- 1811 /Bg B o :
Y1(n) k
/T
with suitable 81, ..., B € VT, and ¢ a power of p. Hence, we get A"/v(n) = 29" for

some 1: Q" > /T and e(n) = e1(n) + -+ ex(n). Again take n # n’ € Q”, and without
restriction let e(n) < e(n’). Then Ang“" )_e(n)/'y(n)qe(n R A [y(n'). Now
p+n' and n#n' imply ng®™) ¢ % n/ and hence X € VT. O

We also note the following consequence for later use in Corollary 7.15.

Lemma 5.4. Let A < K™ be a group. If there exists M >0 such that
Ac M-Ty,
then A is finitely generated.

Proof. Let Ky be the prime field of K. By the assumption, the group A is contained in
the finitely generated field Ko(I'), and we may without restriction assume K = Ky(I").
Because A" € M - T for every A € A and n € Z, Lemma 5.3 implies A ¢ VT'. Since VT is
finitely generated abelian, so is A. O

It is well known that Z¢ cannot be covered by finitely many cosets of subgroups of
strictly smaller rank. This can be viewed as a consequence of the fact that Q% cannot be
covered by finitely many proper affine subspaces, or as a special case of the fact that a
group cannot be covered by finitely many cosets of subgroups of infinite index [Neu54,
Lemma 4.1]. To be able to deal with positive characteristic, we use an easy variation of
this result dealing with infinite unions, as long as the cosets are sufficiently sparse.

The upper natural density (or just density) of AcZ is

d(A) = limsup W
Nooo 2N +1
It holds that d(Au B) <d(A) +d(B) and d(A +y) = d(A) for all y € Z. Finite sets have
zero density.
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Lemma 5.5. Let d >0 and let o1, ..., pp:Z% - Z be nonzero group homomorphisms.
If Fi, ..., F, CZ are sets of zero density, then

Ul%‘_l(Fi) WA

Proof. We first show that we can reduce to the case ker p; ¢ ker gy, for j # k. Suppose
ker ¢; ¢ ker ¢y, for j # k. Because im ¢; and im ¢, both have rank 1, the kernels both
have rank d — 1. Thus, the quotient ker ¢/ ker ¢; is finite. Then ¢;(ker(yy)) is a finite
subgroup of im ¢; = Z, and hence ¢;(ker(yy)) = {0}. We conclude ker ¢; = ker ¢y

Then

i (F)) U (Fr) = o (Fju Fy) - with Fj = i (05 (F))).
Let K = kerp; = ker g, and let x € Z% be such that x + K generates Zd/K > 7. Let
nj, ny € Z be such that ¢;(x) = n; and p(x) = ng. Then f’j c Z—’;Fj NZ, so Fj has zero
density. Upon replacing Fj by F; u Fj, we may therefore drop the homomorphism ¢;.
Repeating this argument, we ultimately get ker ; ¢ ker o, for j # k.

We proceed by induction on d to show the claim of the lemma. The case d = 0 is
vacuously true because then necessarily n = 0 and the union is empty while Z° = {0}.
Now let d > 1 and suppose the claim holds for d — 1.

The image im ¢ is a nonzero subgroup of Z. Such subgroups have positive density,
hence im ¢ ¢ Fy. Let @ € Z%\ 7! (F)) and set y; = p;(2). Then

n
Lg (@i (Fi - yi) nker(g1)) € ker(g1).
i
Since <Pi|ker(<p1) # 0, the induction hypothesis implies that the inclusion is proper. Let
x' € ker(yp1) with @;(z') ¢ F; —y; for all i € [2,n]. Then o +x' ¢ UL, p; ' (F}). O
We derive a somewhat crude corollary to Theorems 5.1 and 5.2 that holds in any

characteristic and is sufficient for our purposes.

Proposition 5.6. Let S ¢ I'™*! be the set of all non-degenerate solutions to the unit
equation Eq. (1). If m:T' - Z is a group homomorphism, then

Fij ={m(zi/z;): (xo,..., ) €5}
has zero density for all i, j € [0,n].
Proof. In characteristic 0, each set Fj; is finite by Theorem 5.1. Suppose char K =p > 0.
Replacing K be the field generated by I' and ay, ..., a, over F,, we may assume that
K is a finitely generated field, and hence that /T is a finitely generated group. By

Theorem 5.2, the set P(S) is a finite union of sets of the form [v1,...,¢x],{y} as in
Eq. (2). Fixing such a set and i, j € [0,n], it therefore suffices to show that

P={n(xi/z;): (o xn) € [Yrots1,- - Urlg{y} }
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has zero density for all I € [0,k]. To do so, we prove |P;n[-N,N]| € O(log(N)!) by
induction on I.

First note that, for convenience, we can assume that 7 is defined on all of v/T. Indeed,
since /T is finitely generated abelian, the quotient v/T' /T has finite exponent e. Extending
first 7 to m: /T - Q (using that Q is injective as an abelian group), we have w(v/T) ¢ %Z.
Replacing 7w by er (it is sufficient to prove the claim for this homomorphism) we have
g \/f — 7.

The set Py is a singleton, so it contains O(1) elements. Let [ > 1, and suppose
|P.y n[-N,N]| = O(log(N)""1). Let ag, ..., ay € VT be such that 9,1 (20 xp) =
(qoxo i+ apy). For (zg::x,) € P"(T) we have

-1 e
W(M)=qe(y+c)—c with ¢ = 7m(a;/a;) and y = w(x;/z;).
o (zja;)
If ¢°(y+c¢) —ce[-N,N], then |¢°(y +¢)| < N +|c¢|. We get |[y+c|< N +|c| and if y + ¢ # 0,
then also e < log, (N +|c[). Then |y| < N":= N +2|c|. Now there are at most O(log(N")I71)
such choices for y € P_; and O(log(N")) choices for e (if y + ¢ # 0, but if y + ¢ =0 then e
does not matter). Thus

[P0 [-N, N[ € O(log(N")) = O(log(N)"). 0

The argument we used in positive characteristic is similar to the one in [BS21, Lemma
4.4]. In either case, the fact that the non-degenerate solutions are parametrized by a
finite union of orbits of the type in Eq. (2), shows that while there are infinitely many
non-degenerate solutions, there are few of them, in a suitable quantitative sense.

6. LOCALLY BEZIVIN IMPLIES WEAKLY EPIMONOMIAL

Throughout this section, let K be a field, embedded in some fixed algebraic closure K,
and let V' be a finite-dimensional K-vector space. In this section we establish one of the
main structural implications, namely that locally Bézivin groups are weakly epimonomial.

We start by verifying the basic properties of steady endomorphisms (Lemma 2.3).

Proof of Lemma 2.3. (1) If A e K is an eigenvalue of A, then A" is an eigenvalue of A",
If A™ is steady, then A" € K by the definition of steadyness.

Suppose conversely that m > 1 is such that \™ € K for all eigenvalues X € K. Choosing
a suitable basis of V', the endomorphism A™ can be put into Jordan normal form over K,
and we identify it with its corresponding matrix. Now take n a multiple of m such that

o (\p)"=1if A\, pe K are eigenvalues of A with \/u a root of unity,
e A" has no nontrivial nilpotent block (so ker(A™) = ker(A™*7) for all j > 0), and

e if char K = p >0, then A" is diagonal.
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The last property can be achieved because in a p®-power of a Jordan block with eigenvalue
A, the entries in the j-th upper diagonal (j > 0) are of the form (pje))\pe_j. Choosing e
sufficiently large, the binomial coefficients are divisible by p, and the off-diagonal entries
become 0.

With such a choice of n, it is not hard to see that A™ is steady (see for instance [BS23b,
Lemmas 11 and 42]).

(2) Suppose A # pand (A/p)" =1forn>1. If v, w e V with Av = Av and Aw = pw, then
K(v+w) is A™-invariant but not A-invariant.

(3) Asin (1) we can assume that A is a matrix in Jordan normal form. Suppose A is
not diagonal. Then A contains an upper-triangular Jordan block Ji () of size k > 2 and
with A € K. Taking this block without restriction in the upper left corner, and denoting
by e1, ..., eq the standard basis, we have A%ey = \"ey + nA" te;. Thus, the space Kes is
AP-invariant but not A-invariant. O

Lemma 6.1. Let S < GL(V) be a locally Bézivin semigroup.
(1) If char K = 0, then every A€ S is diagonalizable over K.

(2) Ewvery steady A € S is diagonalizable over K.

Proof. (1) Let A € S. Fixing a suitable basis of K ®x V we can assume that A is an
invertible matrix in Jordan normal form. Suppose that A has an upper-triangular Jordan
block Ji()\) with eigenvalue A and size k > 2. Then the (1,2) entry of J" is nA"L.
Because the subsemigroup generated by A is Bézivin, we have n\"! ¢ M - T for a
finitely generated I' < K" and M > 0. Hence, for every n > 0, we have n € M -T'{j with
IV =T u{\}. However, this is impossible, say, by applying [BS23a, Lemma 4.7] with the

linear polynomial y.

(2) By definition, all eigenvalues of A are contained in K. If char K = 0, then (1)
implies that A is diagonalizable over K. If char K >0, then A is diagonalizable by (3) of
Lemma 2.3. O

Remark 6.2. Statement (1) of Lemma 6.1 also follows from a theorem of Bézivin [Béz86].
He showed that a univariate D-finite power series in K [x] whose coefficients form a
Bézivin set is, firstly, already rational, and secondly has only simple poles. The coefficients
of a rational series are given by an LRS, and the n-th coefficient can be represented in
the form wA"v with u € FIXd, v € Fdﬂ, and A € S Given any non-diagonalizable
A e GL4(K), using the Jordan normal form, we can pick u, v such that the rational series
with coefficients uA"™v does not have simple poles and hence apply [Béz86, Théoréme 4]
to obtain Lemma 6.1(1).
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Ezample 6.3. Claim (1) of Lemma 6.1 is false in characteristic p > 0. Indeed,

£n
a1 A\ )\in—l
Jo(N)" = (0 )\) = ( 0 :i:n)\in ) for n e Z,

shows that the group generated by a Jordan block of size two is Bézivin, because n takes
only finitely many values modulo p. Note however that the p-th power of the Jordan
block is diagonal (and steady).

Suppose V =V; @ --- @ V,. with corresponding projections P;:V — V such that By, is
the identity and Py, = 0 for j #4. If B € End(V), we denote by [B];; = P; o B o P; the
17 “block” of B, so that B = szzl[B]ij. If we fix bases of the V; and identify B with its
corresponding matrix, this indeed corresponds to a block of B.

We formulate the next proposition for a semigroup of endomorphisms because this

gives us a slightly stronger statement, with implications for Corollary 11.1 later.

Proposition 6.4. Let S € End(V') be a Bézivin semigroup. Let A€ SnGL(V') be steady
and let V=V, &--- @V, be the decomposition of V into A-eigenspaces. Suppose that there
exist v =01 + -+ v, € V (with v; € V;), a linear map :V - K, a constant M >0 and a
finitely generated T < K* such that

Y(Bv)e M -Ty forall BeS.
Then, for alll >0 and B1, ..., B; €S, it holds that
‘{ (0, i1) € [T]ZH s ([Bilioin [B2]i1i2"'[Bl]izf1izvil) #0 }| <M.

Thus, if we evaluate 1)(B1Bs---Bjv) as a block product corresponding to the decompo-
sition V = V] & --- & V,., the number of nonzero terms in the sum is bounded by M, no

matter how large [ is.

Proof. By Lemma 6.1, the automorphism A is diagonalizable over K, so that the required
decomposition of V' indeed exists. Let \; be the eigenvalue of A on V;. Keep in mind
that A, ..., A\, are pairwise distinct.

We use multi-index notation n = (ng,...,n;) € Z" 4 = (ig,...,4;) € [r]", A(4) =
(Nigs - - -5 Ay ), and set

A(z)n = )\Z)O/\Zl and B(z) = [Bl]ioh [BQ]iliQ”'[Bl]il—ﬂl'

We have to show {4 e [r]"*1:9)(B(3)v;,) #0} < M.
For all n € Z'*1,

A" B A" By A" By AT B A™ = Y A(3)"B(3).

ge[r]i+t
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By assumption, there exist functions 71, ..., yar: Z"*1 - 'y such that
S A@) (B@)vy,) =v(n) ++ym(n)  for all n ez (3)
te[r]i+l

We consider the equations (3) as solutions to a unit equation over a group I'; where I"

is generated by I' together with
e the elements ¢(B(i)v;,) for i € [r]*!, and
o the elements \; for j € [r].

Note that these data remain fixed as n varies, so that I'” is indeed finitely generated and
the same for all n.

For all subsets Q ¢ [7]""! and Q' ¢ [M], let N(Q,Q) ¢ Z"*! be the set of all those n
for which

Y A@) " Y(B()vy,) = Y. w(n),

1€Q) keQY
is a non-degenerate solution to a unit equation (that is, equality does not hold for

a nonempty proper subsum). Because we can partition any solution to Eq. (3) into
non-degenerate solutions, certainly Z"*! ¢ Ua,or N(£2,9).

We now consider one such set N(Q,Q") with || > 2. Let 7 # j € Q. By non-degeneracy,
necessarily ¢ (B(¢)v;,), ¥(B(g)v;,) # 0. Consider the group homomorphism

i T me MBS (A_)(A—)
A" Ado Aji

Because ¢ # j, there exists some v € [0,[] such that 4, # j,. Then also A\;, # Aj,, since

these eigenvalues are pairwise distinct. But A is steady, so A;, /A;, has infinite order in K™
by (2) of Lemma 2.3. Thus, the image im ¢; ; <I" has a torsion-free component. Hence,
there exists a homomorphism 7; ;:I'" — Z that is nonzero on im ¢; ;. By Proposition 5.6,
the set Fj j = j 0 ¢; ;(N(€,Q)) has zero density.

Now
N:= | N, Q) ¢ U(mijowii)  (Fij).
Q.9 ©.J
222

By Lemma 5.5 necessarily N g Z'*1.

Fix n € Z*! \ N. Partitioning the solution Eq. (3) into non-degenerate subequations
for this specific n, we can, for every 4 € [r]'*!, find a subset Q'(4) ¢ [M] such that
n € N({i},Q'(¢)) and such that Q'(¢) nQ'(j) = & for ¢ + 5. If o(B(¢)v;,) # 0, then
necessarily Q/(i) # @. The pairwise disjointness of these sets implies |[{3 € [r]"*! :

©(B(3)v;,) #0} < M. O

Proposition 6.4 in this form will only be needed at the end, when we deal with automata.
In dealing with linear groups, we use the following corollary.
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Corollary 6.5. Let S ¢ End(V') be a Bézivin semigroup. Suppose that there exists a
steady Ae SNGL(V). Let V=V @@V, be the decomposition of V into A-eigenspaces.
Then there exists a constant C € Zso such that, for alll1>0 and By, ..., By €S, it holds
that

{ Gio, i) € [P]™1 « [BiJigin [ Balivin[Bilipiy 2 0 }| < C.

In other words, in evaluating Bj---B; as a block-matrix product with respect to that
decomposition of V', there are at most C' nonzero terms (independent of 1).

Proof. We use the same notation as in the proof of Proposition 6.4. Now we have to
show {7 € [r]"' : B(i) # 0} < C. Let ey, ..., eq be a basis of V with dual basis ej,

.., ey V > K. It suffices to show that for all u, v € [d], there exists at most M > 0
multi-indices ¢ for which e}, B(i)e, # 0. Then the required bound holds with C' = M d2.
But for fixed p, v this follows from Proposition 6.4 by setting ¢ = e/, and v =e,. O

Lemma 6.6. Let S ¢ GL(V) be a locally Bézivin semigroup, let A € S be steady, and let
V=Vi®e- &V, be the decomposition of V into eigenspaces of A.

(1) For every B € S, there exist decompositions V; = Vi1 @ --- @ Vi, such that B permutes
the spaces { Vij i€ [r], je[si]}.

(2) If B is steady, then BV;j = V;; for every i, j in a decomposition as in (1). In
particular, it holds that BV; = V; for all i€ [r].

Proof. (1) For every sequence m = (m;);so0 with m; € [r], let
W(m)={veV:Bvelp, forall j>0}.

Observe that W (m) is a vector space and BW (mg, my,ma,...) S W(mq,ma,...). We

will show
V=@ W(m). (4)

Because W(m) ¢ V,,,,, and thus in particular for each m and ¢ € [r] either W (m)nV; =
0 or W(m) cV;, it will then follow that

W(nT)g\é
Renaming the finitely many nonzero spaces in Eq. (4) to Vi1, ..., Vis, will then yield

claim (1).
First, we show that the sum in Eq. (4) is direct. Let

0= w(m) ()
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with w(m) € W (m), almost all of which are zero. Supposing, for the sake of contradiction,
that some w(m) is not zero, we can also take the sum in Eq. (5) in such a way that the
number of nonzero summands is minimal. Then there are at least two nonzero summands,
say w(m') and w(m"). We may suppose that m' = (m} )i>0 and m' = (m})xso differ in
the j-th place. Applying B’ to Eq. (5),

O:Zij(m):zT: > Blw(m).

i=lm=(mg)rs0
m; =t

eV;
Because the sum Vi @ --- @ V. is direct and B is invertible, we obtain

0= > wm)= 3 wm).

m=(my) k>0 m=(my,) 0
m; =m9 mj=m//

Now w(m') appears in the first sum, but not the second, and conversely for w(m'").
Thus, both sums are nonempty, but shorter than the one in Eq. (5), contradicting the
minimality of its choice.

We still need to show V =3, W(m). As in Corollary 6.5, we write [A];; and [B];;
for blocks of A, respectively, of B corresponding to the decomposition V; & --- @ V,.. For
1>1and i = (ig,-, i) € [r]"*!, define

B(2) = Biji,_,*Biyi, Biyig-

and let
Q)= {ie[r]*:B(E)#0}.

By Corollary 6.5, applied to the Bézivin subsemigroup (A, B) of S, there exists
C > 0 such that |Q(1)| < C for all I. If 7 = (ig,...,3;) € Q(I), then B-B(z) # 0, since
B is invertible. Hence, there must exist i;,; with B(ig,i1,...,44+1) # 0 and hence
i = (i1, ., 041) €QU+1).

Thus, the cardinality [€2(1)| is non-decreasing in [ and must stabilize, say at some
[ =lp. But then every ¢ € Q(1) with [ > [y can be extended uniquely to some &' € Q(I +1).
This uniqueness implies B - B(%)V ¢ Vj,,,. Doing this for all [ > [y, we find a sequence
m = (my)gso such that B¥B(i)V ¢ V,,, for all k > 0. Hence, for every i € Q(lp), there
exists a sequence m such that B(2)V < W(m).

Surjectivity of B implies ¥;cq(,) B(#)V =V, and thus

V= 3% B@)Vc) W(m).
i« (lo) m
(2) Suppose that we have a decomposition as in (1). Then there exists some n > 1 such
that B"V;; = V;; for all 4, j. Since B is steady, therefore BV;; = V;;. O
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Lemma 6.7. If S c GL(V) is a locally Bézivin semigroup, then K is a power-splitting
field for S.

Proof. Fix A € S and consider V = K ® V. Without restriction, we can consider
the finitely generated subgroup S generated by A, so that S is Bézivin. We identify
GL(V) 2 GL4(K) using a basis in which A has Jordan normal form. Then there exist a
finitely generated subgroup I' < K™ and coefficients aq, ..., a, € K such that all entries
of elements of S are contained in Y., a,I'y. We stress that I can be taken over the
base field K by our assumption, while the coefficients can only be taken in K. If X is
an eigenvalue of A, then A" € Zf\fl a; Ly for all n € Z. Lemma 5.3 shows N €'y € K for

some m > 1. O

Given a set § € End(V'), we say that W € V is a joint-eigenspace of S if for every A e S

there exists an eigenspace W4 such that

W= Wa.
AeS
Lemma 6.8. Let S ¢ GL(V) be a locally Bézivin semigroup. Let Vi, ..., V, be the

joint-eigenspaces of all steady elements of S. Then Vi & ---® V,. is a weakly epimonomial

decomposition for S.

The weakly epimonomial decomposition in the lemma is the coarsest possible. Since
each component of any weakly epimonomial decomposition is contained in an eigenspace
of all steady elements, every weakly epimonomial decomposition of S must be a refinement

of the one obtained here.

Proof. We first show by induction on n: if Ay, ..., A, € .S are steady, then there exists a
decomposition V =V} & --- @ V,. such that every V; is a joint-eigenspace of Ay, ..., A,.

For n =0, the claim holds vacuously. Let n > 1 and suppose the claim holds for n — 1.
Let ¢ € [r]. We know V; = W;1 n--n W, ,_; with each W;; an eigenspace of A; for
j€[n-1]. By (2) of Lemma 6.6, each W, ; is invariant under A,,. Hence, each V; is
invariant under A,,. Since A, is diagonalizable over K by Lemma 6.1, the restriction
Ap,ly, is also diagonalizable. We can therefore decompose V; into eigenspaces of A,|v;,
and since each such space is of the form U nV; with U an eigenspace of A,,, the claim of
the induction follows.

We can now decompose V = V) @---@V, in such a way that each Vj; is a joint-eigenspace
of all steady A € S. Indeed, decomposing iteratively, at each step each V; is either already
contained in an eigenspace of each steady A € .S, and we are done, or there exists some
steady A € S for which this is not the case. In the second case, we use A to decompose V;
further. Since V is finite-dimensional, this process stops after finitely many refinements.
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Let B € S. We now show that B permutes the spaces Vi, ..., V.. By (1) of Lemma 6.6,
we can refine V; = Vi1 @ --- @ Vi, so that B permutes the spaces { Vj; 14 € [r],j € [si] }.
Let f, g be the functions for which BVj; = Vy(; ;) 4¢i,5)- We will be done if we can show
that f(i,7) does not actually depend on j, because then BV; € Vy(; .-

Suppose there exist i’ € [r] and j # j” € [sy] such that f(i',5") = f(i',7"). By
construction of the V;, there exists a steady A € S such that A has distinct eigenvalues
on Ve jry and Vi jry. By Lemma 6.7 the field K is power-splitting for S. Hence,
there exists n > 1 such that B" is steady (using (1) of Lemma 2.3). Then each V; is
also a subspace of an eigenspace of B". Let «; be the eigenvalue of A on V;, and j; the
eigenvalue of B™.

Since B permutes the spaces V;;, we have
BnilABh/ij = af(i,j)Bnl\/ij = af(i’j)ﬂi idVij forie [T] and j € S;.

Let C = (B"1AB)™ with m > 1 such that C is steady (again using Lemmas 2.3 and 6.7).
Then C has eigenvalue a?l(i,’j,) B on Vi and eigenvalue a?(i,’j,,) B on Virjn. Because A
is steady, these two eigenvalues are distinct (using (2) of Lemma 2.3). This contradicts
the choice of V =V @@ V.. (In other words, the automorphism C would allow us to
further refine the decomposition, contradicting the maximally refined choice). O

7. CHARACTERIZATION OF LocALLy BEzZIVIN GROUPS

Let K be a field and V a finite-dimensional vector space. We are now in a position
to establish the characterization of locally Bézivin groups. Let us first show that a
weakly epimonomial decomposition of a semigroup of invertible endomorphisms lifts to
the group.

Lemma 7.1. Let S € GL(V) be a semigroup and let G = (S) < GL(V).
(1) If S is weakly epimonomial, then G is weakly epimonomial.

(2) If S is weakly epimonomial as a subsemigroup of GL(L ®x V') for some extension
field L and K is power-splitting for S, then K is also power-splitting for G.

Proof. (1) We have to verify the properties in Definition 2.6 for the inclusion G = GL(V).
Since property (2) holds for all A € S, it also holds for all inverses and products, and
hence holds for all A € G.

Let D ¢ S be the diagonal. Let D < GL(V) consists of all A € GL(V) for which every
V; is contained in an eigenspace of A. Thus, we have D = Sn D. After fixing bases of
Vi, ..., V, to obtain a basis of V, the elements of D are the diagonal matrices that are
scalar when restricted to each V;. If P € GL(V') permutes the spaces Vi, ..., V,, then
P'DPcD.
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To verify (1) and (3) of Definition 2.6, we first check:

(i) every element of G is of the form AB™! with A € S and B € D, where the eigenvalues

of B are contained in the group generated by the spectrum of S.
(ii) if A€ S and B e D, then some power of AB™! is in D.

To verify (i), note that if A € S, then weak epimonomiality of S together with Lemma 2.3
implies A" € D for some n > 1. If B = A", then A(A"1B™1) =id, so that A™' = A""1 B,
Thus, as a monoid, the group G is generated by S and D~!. Explicitly, elements of
G can be represented as A Byt AsBytArB;t with A; € Su {id} and B; € D u {id}.
We can express Byl Ay = Ag(A3' Byt Ag) with (A3'B7lAs) € D, because Ay permutes
Vi, ..., V.. Iterating this, we find AlBl_lAnglmAkB,;l = Ay--ApB™ with Be D (but
possibly B ¢ G).

For the claim about the eigenvalues, note that the eigenvalues of P"'B™'P, with B € S
and P permuting the spaces Vi, ..., V,., are contained in the group I' < K generated by
all the eigenvalues of S. Since the matrices of the form P~'B~' P are moreover diagonal,
the same holds true for a product of such matrices.

To see (ii), note

(AB™H)" = A" (A" ("D BA ) (A~ ("D BA"2).. (AT BT A)B7L. (6)

eD
Since S is weakly epimonomial, there exists some n such that A" is steady (by Lemma 2.3),
hence A" € D. We get (AB )" e D.

Now (i) and (ii) together imply that K is power-splitting for G, verifying (3) of weak
epimonomiality. Let C € G be steady. Since we can express C' = AB~! with A€ S and
Be D, each Vj is contained in an eigenspace of some power C™ of C (again using (i) and
(ii)). Hence, every subspace of V; is invariant under C", and by steadyness, also under
C. It follows that V; is contained in an eigenspace of C.

(2) Let C € G. Let V = Lok V and let V; ®---@V, be a weakly epimonomial decomposition
for S ¢ GL(V). Applying (i) from the proof of (1), we can again express C' = AB™!
with A € S and B € GL(V) such that each Vj is contained in an eigenspace of B. The
eigenvalues of B are contained in the group I' < L* generated by all the eigenvalues of
S. By Lemma 2.3, there exists n > 1 such that A™ is steady, and hence, in particular,
diagonal with respect to any basis obtained by refining V; @ - @ V.. Eq. (6) shows that
(AB™1)" is also diagonal with all eigenvalues in I'. By the power-splitting hypothesis for
—l)n

S, some power of (AB has all its eigenvalues in K. O

Proposition 7.2. If G < GL(V) has a weakly epimonomial decomposition with diagonal
D, then D 4G and G/D s a linear torsion group.
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Proof. Let V = Vi ®---@V, be the given weakly epimonomial decomposition. By definition,
the diagonal D contains all steady A € G, and D is clearly a subgroup of G. To see that
it is normal, let A€ D and B € G. Let i € [r] and let k € [r] be the unique index for
which BV; = Vj. If A is the eigenvalue of A on Vi, then B 'AB|y, = B~ 'AB|y, = \id|y;.
Hence, we have B~'AB ¢ D.

For every B € G some power B" is steady (using Lemma 2.3), and hence B™ € D. Thus,
the quotient G/D is a torsion group. We show that it is a linear group, that is, that it
embeds into some GL(W') with W a finite-dimensional K-vector space. Note that G acts
on End(V') by conjugation, that is, there is a group homomorphism ®:G - GL(End(V)),
B &g with ®p(X) = BXB™! for all X e End(V). Since B permutes Vi, ..., V., this
restricts to a representation ¢ of G on W = End(V1) @ --- ® End(V;) (or, after fixing a
basis, on block-diagonal matrices). Explicitly ¢p: G - GL(W), B — ¢p is given by

@B(Xla e 7X7“) = (BXﬂ(l)B_1|V17 s '7BX7r(r)B_1|Vr)7

with 7 the permutation for which BV, = Vw(i), and X; € End(V;). Because the center
of End(V;) consists of scalar multiples of the identity, we see that B € ker ¢ if and only
if 7 =id and Bly, is a scalar multiple of the identity for each i € [r]. Hence, we find
ker(¢) = D, and G/D 2 im ¢ is a linear group. O

Remark 7.3. Let G denote the Zariski closure of G. Then D(K) consists of elements for
which each V; is contained in an eigenspace, and hence D = E(K ) NG by the definition
of the diagonal (here D(K) denotes the set of K-rational points of the scheme 5) Since
D < G is a closed normal subgroup, Chevalley’s theorem on linear algebraic groups
implies that G /5 is a linear algebraic group as well, and therefore G/D is a linear group.
The previous proof makes the arguments in Chevalley’s theorem explicit in this special
case without reference to linear algebraic groups. Since the argument is short, and also
has the benefit of making explicit the dimension of W (which is useful for estimates as in

[BS23b, Appendix C]), we have chosen to give this explicit variant.

We obtain a characterization of locally Bézivin (semi)groups that holds over any field.
We need the following classical theorems of Burnside and Schur.

Theorem 7.4 (Burnside-Schur). Let G < GL(V).
(1) (Schur) If G is a torsion group, then G is locally finite.
(2) (Burnside) If char K =0 and G has finite exponent, then G is finite.

Theorem 7.5. Let S ¢ GL(V') be a semigroup and let G = (S). Then the following
statements are equivalent.

(a) The group G is locally Bézivin.



FACTORING THROUGH MONOMIAL REPRESENTATIONS 35

The semigroup S is locally Bézivin.

The semigroup S is weakly epimonomial.

)
)

(d) The group G is weakly epimonomial.
) The group G is locally epimonomial.
)

The group G is locally virtually simultaneously diagonalizable (over K).

The last statement means that every finitely generated subgroup H < G has a finite-

index subgroup D < H that is simultaneously diagonalizable.
Proof. (a)=(b): Trivial.

(b)=(¢): By Lemma 6.8.

(¢)=(d): By Lemma 7.1.

(d)=(e): Let H < G be a finitely generated subgroup. Then H is also weakly epi-
monomial. Let D < H be the diagonal with respect to some weakly epimonomial
decompositon. By Proposition 7.2 the quotient H/D is a finitely generated linear torsion
group. Burnside-Schur (Theorem 7.4) implies that H/D is finite.

(e)=(f): Let H < G be finitely generated. Then H is epimonomial with a diagonal
D < H that has finite index, and D is simultaneously diagonalizable (over K).

(f)=(a): Let H < G be finitely generated and let D < H be a finite-index subgroup of
simultaneously diagonalizable elements. Let Bj, ..., B, be a system of representatives
for the left cosets of H/D. It suffices to show that each element of B;D has entries in
M Ty for some M >0 and a finitely generated I' < K*. Now D, as a finite-index subgroup
in the finitely generated group H, is also finitely generated [Rob96, 1.6.11]. Since the

elements of D are moreover simultaneously diagonalizable, the claim follows. ([

In particular, we see that the local Bézivin property for a semigroup S ¢ GL(V) is
equivalent to the local Bézivin property for the group G = (S). Hence, we may usually

deal with groups for the remainder of the section.
Corollary 7.6. A finitely generated G < GL(V') is Bézivin if and only if it is epimonomial.
Proof. By Theorem 7.5. O

By Theorem 7.5 and Lemma 6.8 every weakly epimonomial G < GL(V') gives the
coarsest (hence canonical) decomposition V = V; @ - @ V. with V; an intersection of
eigenspaces of all steady elements of G. However, even if G is epimonomial, it may not be
epimonomial with respect to this particular decomposition, as the next example shows.
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Example 7.7. Let
Gi= (’“‘(OC) (1)) < GLo(C).

Then G is an infinite torsion group and the identity is the only steady element. The
weakly epimonomial decomposition of C? arising from the steady elements is therefore
just C? itself, and G is not epimonomial with respect to the corresponding diagonal.

However, clearly C? = C @ C is an epimonomial decomposition.

We now show that, in Theorem 7.5, we can also relax the locally Bézivin property to

hold over an extension field, as long as K is power-splitting for 5.

Proposition 7.8. For a finitely generated semigroup S € GL(V') the following statements

are equivalent.
(a) The semigroup S is Bézivin.

(b) The semigroup S € GL(L ®x V') is Bézivin for every extension field L|K and K is
a power-splitting field for S.

(¢) The semigroup S € GL(L ®k V') is Bézivin for some extension field L|K and K is
a power-splitting field for S.

Proof. (a)= (b): Clearly, the semigroup S is still Bézivin over L. By Lemma 6.7 the
field K is power-splitting for S.

(b) = (¢): Trivial.

(¢c)=(a): Let G =(S). We identify GL(V) = GLy(K) by choosing a basis of V. Extend-
ing scalars (that is, viewing G as a subgroup of GL4(L)), we obtain an L-representation
of G. By Theorem 7.5 the group G is weakly epimonomial as a subgroup of GLg4(L).
Then (2) of Lemma 7.1 shows that K is power-splitting for G.

By (f) of Theorem 7.5, there exists a finite-index subgroup 7' < G that is simultaneously
diagonalizable over L. Let B € GL4(L) be such that all elements of BT B~! are diagonal.
As a finite-index subgroup of a finitely generated group, the group T is also finitely
generated. Since K is power-splitting for G, for each A € BT B~! there exists some n(A)
such that A™4) has all entries in K. Let 7" < T be the subgroup generated by all these
A Since T is finitely generated abelian, so is T”. Since T/T' is torsion, it is finite.

Let I < K be the (finitely generated) group generated by all entries of the matrices
in BT'B~!. Transforming back into the original basis and keeping in mind that 7" has
finite index in G, there exist ¢; = 1, ¢a, ..., ¢y € L such that every entry of every element
of G is contained in 1", ¢;I'g. Among these elements ¢y, ..., ¢, we pick a maximal
K-linearly independent set; after reindexing, let this be ¢y =1, ¢, ..., ¢, with n < m.
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Express each ¢; (with i € [m]) as ¢; = ¥, 7i,j¢; with 7;; € K. Then the entries of
elements of G are contained in
m n m m
Kn ZCiFO =Kn Z ( Z’Yi,j)chO = ny,;,lI‘o,
i=1 j=1 “i=1 i=1
where the last inclusion follows from K-linear independence of ¢y, ..., ¢,. Letting IV < K*
be the subgroup generated by I' and all ; 1, all entries of all elements of G are contained

in m-I'{, and thus G is Bézivin. Hence, so is S. O

The following is not essential, but allows us to add the Pdélya property to the charac-
terization in Theorem 1.1, for completeness.

Lemma 7.9. If G < GL(V) is epimonomial, then there exists a basis of V' with respect
to which G is locally Pdlya.

Proof. Let V=V, &---® V,. be an epimonomial decomposition of V', and let D <4 G be
the diagonal of this decomposition. Choose a basis of V by choosing bases on each V;,
and identify G = GL4(K) using this basis. Then the elements of G have a monomial
block-structure with respect to the decomposition V =V, @ --- @ V,.. The elements of D
are diagonal, and each diagonal block is a scalar multiple of the corresponding identity
matrix. Let A, ..., A, be a set of representatives for G/D. If C' € D, then A;C is
obtained from A; by multiplying each block by a scalar.

Let H < G be finitely generated and assume without restriction Ay, ..., A, € H. Then
H n D is finitely generated, as a finite-index subgroup of H. Let T' < K™ be generated
by the nonzero entries of Ay, ..., A, together with the entries of a set of generators of
HnD. Then H c T34, O

7.1. Maximal separating elements. For the coarsest weakly epimonomial decomposi-
tion of a weakly epimonomial group, it is sometimes useful to know that there is a single

element that creates this decomposition.

Lemma 7.10. Let G < GL(V) be weakly epimonomial and V =Vy & --- @ V,. with V; the
joint-eigenspaces of all steady elements of G. Then there exists a steady A € G such that
the eigenvalues A1, ..., A of A on Vi, ..., V, are pairwise distinct.

Proof. The spaces V; are intersections of eigenspaces of steady A € G. Thus, there exist

N >0 and steady Aj, ..., Ay such that, for every ¢ # i’ there exists some A; having
distinct eigenvalues on V; and V.

Let \;; be the eigenvalue of A; on V;. For all n = (n1,...,ny) € ZN . we consider the
product

B(n)= [] A7,
Je[N]
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which has on V; the eigenvalue

pi(n) =TT A7
j€[N]
We seek m such that p;(n)/piy(n) has infinite order for all ¢ # ¢'.

Note that ;i ZY — K, n  pi(n)/us(n) is a group homomorphism. For every
pair ¢ # i’ there exists some j with \;; # Ai;. Since A; is steady, the ratio \;;/\;jr even
has infinite order. Thus, the image im @; has a torsion-free part. Composing y; with
mK — K [u(EK), we see that ker(m o ;) has rank strictly smaller than N.

Thus, we get Uj.i ker(m o ;) ¢ ZV. Taking any n outside this union ensures that
wi(n)/uy(n) has infinite order for all ¢ # ¢’. The element B(n) is steady and has pairwise

distinct eigenvalues on Vi, ..., V. U

7.2. Lifting to monomial representations. We now show that epimonomial represen-

tations are epimorphic images of monomial representations.

Lemma 7.11. Let p:G - GL(V) be a representation and let T < G be a finite-index
subgroup such that p(T) is simultaneously diagonalizable over K. Then the induced
representation 7 = Ind$ (p|7): G - GL(W) is monomial and there exists a G-equivariant
epimorphism (W, m) - (V, p).

Proof. We check that 7 is a monomial representation. Let V' = Vi &---@V,. with dim(V;) =1
and such that p(7T") is diagonal with respect to this decomposition. Let a, ..., a, represent
the left cosets of G/T. For each be G and i € [n], let ¢;, € T and f(4,b) € [n] be such
that

ba; = ag(;p)Cip-

Recall that the induced representation is defined on the nr-dimensional space

W = @CLZV = @@azvj
i=1

i=1j=1
For each b € G the endomorphism 7 (b) € GL(W) is defined by
mw(b)(a;v) = af(i,b)(p(cz-7b)(v)) forveV.

Since p(c;p) is diagonal, there exists A, € K for which p(c;p)(vj) = Aipv; for vy € Vj, so
in fact m(b)(a;v;) = ag;p)(Nipvj). Hence, the representation 7 is monomial.
Define a linear epimorphism

Y:W >V, (a0i)iern] = Y plai)vi - (for v e V).
=1
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Then v is G-equivariant, because

(7 (b)(aivi)iern]) = w((af(i,b)(P(Ci,b)(vz‘)))ie[n]) = ip(af(i,b)ci,b)(vi) = ip(bai)(vi)

= (1) 3 p(00)es) = p0) (D (0r00)i)) 0

7.3. Not necessarily finitely generated groups. Example 4.2 shows that not every
locally Bézivin group has a monomial representation. In (1) of Example 4.2, the issue is
that R is power-splitting for p(C) - GL2(R) but not uniformly so. In characteristic 0,
we can still get the following two results for not necessarily finitely generated groups, as

long as we assume uniform power-splitting. First, we have the following easy observation.

Corollary 7.12. Suppose char K = 0 and |u(K)| < co. For G < GL(V') the following

statements are equivalent.

(a) The group G satisfies the equivalent conditions of Theorem 7.5 and K is uniformly
power splitting for G.

(b) The group G is epimonomial.

Proof. {(a)=(b): By assumption G is a weakly epimonomial. Let D 4G be a diagonal
with respect to a weakly epimonomial decomposition of V. Then, using Proposition 7.2,
the quotient G/D is a linear torsion group, and we show that it has finite exponent. By
assumption, there exists N > 1 such that every AV, with A € G, has its eigenvalues in K.
Let M = |u(K)|N. If AeG, then AV is diagonalizable over K (Lemma 6.1). Raising
AN to the power |u(K)| ensures A/p cannot be a nontrivial root of unity for two distinct
eigenvalues \, p of A. Therefore, the power AM is steady, and hence AM € D. Because
char K = 0, every linear torsion group with finite exponent is finite (Theorem 7.4).

(b)=(a): Let D be a diagonal corresponding to an epimonomial decomposition of V.
Since G/D is finite, there exists N > 1 such that A" € D for all A€ G. Let A€ G and let
X € K be an eigenvalue of A. Then AV is an eigenvalue of AY. But the eigenvalues of
A" are in K by definition of D, hence A € K. O

Achieving an analogous result when p(K) may be infinite is harder. We need a classical

theorem of Jordan.

Theorem 7.13 (Jordan). Let K be a field of characteristic 0. Then there is a function
fiZso — Zsp such that every finite subgroup G < GLg(K) has an abelian subgroup of
indez at most f(d).

Theorem 7.14. Suppose char K =0 and let G < GL(V). For G < GL(V) the following

statements are equivalent.
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(a) The group G satisfies the equivalent conditions of Theorem 7.5 and K is uniformly
power splitting for G.

(b) The group G is virtually simultaneously diagonalizable over K.

Proof. (a)= (b): By Theorem 7.5 there exists a weakly epimonomial decomposition
V=Vie-aV,of V. Let d; = dimV;. Let D be the diagonal of G. Then G/D
is a linear torsion group that embeds into GL(W') with W = End(V}) @ --- ® End(V})
(see Proposition 7.2). Let G’ < G be the subgroup of all B € G with BV; = V; for all
i€[r]. Then (G :G") <r! and it suffices to prove that G’ is virtually simultaneously
diagonalizable. Note that D < Z(G") by choice of G'.

Let Pg, (G") denote the set of all finite subsets of G. For every S € P, (G') let Gg = (S).
Then G’ =U SePyn(cr) Gg. The decomposition of V' is weakly epimonomial for each Gg as
well, and Dg = D nGg is the corresponding diagonal. The map G — GL(W') with kernel
D therefore gives rise to an embedding Gg/Dg — GL(W), so that each Gg/Dg embeds
into the fixed GL(W). As a finitely generated linear torsion group, each Gg/Dg is finite
by Burnside-Schur (Theorem 7.4). Now Jordan’s Theorem (Theorem 7.13) implies that
there exist a constant C' and subgroups Dg < Hg < Gg such that Hg/Dg is abelian and
(Gs: Hg) < C for all S ePg,(G").

With a similar compactness argument as in a proof of Jordan—Schur [Taol4, Chapter
2.1] we can choose the groups Hg so that Hr = Hg n G whenever T' ¢ S: Let Xg
denote the set of all subgroups Hg with Dg < Hg < Gg such that Hg/Dg is abelian and
(Gg: Hg) <C. We endow Xg with the discrete topology. Since each Xg is finite, hence
compact, the product space X = [Igep,, (o) Xs is compact by Tychonoff’s Theorem. For
each S € Pg,(G”) the set

€(S) = { (HT)TEIP’ﬁn(G/) €eX:Hpr=GprnHg for T c S}

is closed (because it is defined by only finitely many conditions). Each €(S) is nonempty,
because we may take Hg € Gg with Hg/Dg abelian and (Gg : Hg) < C and then
Hrp = HgnGr for T ¢ S will also satisfy (G : Hr) < C. Since €(S1)n---n€&€(S,) 2 €(S)
for S = S;u---US,, any finite intersection of such sets is also nonempty. The finite
intersection property for compact sets implies Ngepg, (a7 ¢(S) # @. Taking any element
(Hs)sepg, (Gry in this intersection, we have Hr = Hg n G for all S, T € Pg,(G") with
TcS.

Let H = Ugep, () Hs- Then (G': H) < C: suppose Aj, ..., A, € G are in distinct
cosets modulo H. With S = {A;,...,A,} we have Ay, ..., A, € Gg. Then Ay, ..., A,
must represent distinct cosets of Hg in Gg, hence n < C. Furthermore, by construction
H/D is abelian with D € Z(G'). In particular, the group H is nilpotent of nilpotency
index at most 2. By definition of D, each element of D, when restricted to V;, consists
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of a scalar multiple of the identity on V;. Let [A, B] = ABA™*B~! be the multiplicative
commutator. For all A, B € H it holds that det([A,B]) =1 and [A,B] € D. Thus,
we have [A, Blly, = ¢;id for some (; € pug,(K). By nilpotency class at most 2, we
have the identity [XY, Z] = [X, Z][Y, Z] for all X, Y, Z € H. Therefore [A%, B]|y; =
([A, Bllv,))% = ¢%idy, = id|y;, so [A%, B] = id.

By Lemma 6.1, all elements of H are diagonalizable over K. Since K is uniformly
power-splitting for G, there exists an N > 1 such that A" is diagonalizable over K for each
A e H. We may choose N so that also lem(ds,...,d,) | N. Then [AY,B] = [4, B]Y =id
shows that B and AN commute for every B € H. Hence, each B € H leaves every
eigenspace of AV invariant. Since H < G’, also each V; is H-invariant. We can therefore
refine V; = W1 @---@ Wi, into a decomposition of joint-eigenspaces of all AN where Ae H.
Then each W;; is H-invariant; in particular the refined decomposition V = @; ; W;; is a
weakly epimonomial decomposition for H.

Let T be the diagonal of H with respect to the refined decomposition. Then H/T is a
linear torsion group by Proposition 7.2, and it has exponent dividing N. Since char K =0,
this already implies that H/T is finite (Theorem 7.4). Since G/G’, G'/H, and H/T are
finite, we conclude that G/T is finite.

(b) = (a): Identifying GL(V) 2 GL4(K) along a suitable basis, we find a finite-index
subgroup 7' < G of diagonal matrices. Hence, property (f) of Theorem 7.5 holds. Taking
N = (G:T) we see that A is in K for every eigenvalue of every element of G. (|

Now it is easy to see that if we assume G to be not just locally Bézivin, but Bézivin,

it is actually necessarily finitely generated.

Corollary 7.15. Suppose char K = 0 and let G < GL(V'). If G is Bézivin, then G is
finitely generated.

Proof. Since the claimed property for G is purely group theoretic, and the Bézivin
property is preserved under scalar extension, we may without restriction assume K = K,
so K is uniformly power-splitting for G for trivial reasons.

By Theorem 7.14 there exists a finite-index subgroup 7' < G that is simultaneously
diagonalizable. Identify GL(V) = GL4(K) using a basis in which T is diagonal. Let
' < K* be finitely generated and let M > 0 be such that G ¢ (M -T'g)®“. Let A < K*
be the subgroup consisting of all diagonal entries of elements of T. Then A ¢ M - Ty.
Lemma 5.4 implies that A is finitely generated. Hence, the subgroup T is finitely
generated, and because G/T is finite, also G is finitely generated. O

7.4. Proofs of Theorem 3.1 and Corollaries 3.2 and 3.3. With the results we

proved, the main theorems on locally Bézivin representations now follow easily.
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e For the proof of Theorem 3.1, note that (a) = (b) is trivial, and (b) < (c) follows from
Proposition 7.8. Now (b) = (d) follows from Theorem 7.5. For (d) = (e) first note
that weak epimonomiality passes from p(S) to the group it generates by Lemma 7.1.
Then the claim again follows from Theorem 7.5. The final implication (e)= (a)
follows from Lemma 7.9.

e We again work with G = (p(S)). In Corollary 3.2 the equivalence of (b), (d), and
(e) follows from Theorem 7.5. The implication (a)=>(b) is trivial, and (d)= (a)
holds by Lemma 7.9. The equivalence of these conditions with (c) follows from
Proposition 7.8.

Now (&) = (f) follows from Lemma 7.11. For the converse, (f) = (e), let (V,7)
be a monomial representation that maps epimorphically onto (V,p), say via an
S-equivariant m:V — V. Because of 75(s) = p(s)w for all s € S, we get a semigroup
homomorphism :5(S) — p(S), which extends to a group homomorphism : G - G
with G = (p(S)) and G = (p(S)). If I = dim(V'), then there is a group homomorphism
G — &; to the symmetric group, mapping a monomial matrix to its underlying
permutation matrix. Its kernel D has finite index in G and is simultaneously diagonal.
Choose a basis e, ..., e, of V on which D is diagonal, and take as basis of V a
subset of {7(e;):i€l}. Then ¥(D) is a diagonal finite-index subgroup of G.

e In Corollary 3.3 the equivalence (a) <> (b) holds by Theorem 7.14. The implication
(b) = (c) follows again from Lemma 7.11, and the converse follows in the same way
as we just argued for Corollary 3.2.

We record that (f) of Corollary 3.2 establishes the following.

Corollary 7.16. Let 7:S - GL(V) and p:S - GL(V) be semigroup representations.
If there exists an S-equivariant epimorphism m:p — p and p satisfies the equivalent

conditions of Theorem 7.5, then so does p.

8. CHARACTERIZATION OF LOCALLY FINITELY GENERATED SPECTRUM

Again let K be a field and V' a finite-dimensional vector space. To establish the
characterization of linear groups with locally finitely generated spectrum, we first show

that virtually solvable groups have this property. We use the following observation.

Lemma 8.1. Let IV <K be finitely generated and N > 1. Then
P={yeK 4N eI’}

1s finitely generated as well.

Proof. There is a homomorphism of abelian groups ¢:I' - I, v~ 4™V, Since I is finitely
generated and ker(y) = un (K) is finite, also T is finitely generated. O
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Lemma 8.2. If G is a virtually solvable group, then every representation p: G — GL(V)

has locally finitely generated spectrum.

Proof. We may assume that K is algebraically closed and replace G by p(G). Since G is
virtually solvable, a theorem of Mal’cev [Weh73, Theorem 3.6] implies that there exists a
finite-index subgroup U < G that is simultaneously triangularizable.*

Let H be a finitely generated subgroup of G. Then H nU has finite index in H, and is
thus also finitely generated. Let I < K™ be generated by the eigenvalues of the elements
of HnU. Because H nU is simultaneously triangularizable, the group I" is finitely
generated. Let I' < K be generated by all eigenvalues of H and let N := exp(G/U).
Then I'V = {4V : 4 eT'} <T" and hence T is finitely generated by Lemma 8.1. O

In the absolutely irreducible case locally Bézivin and locally finitely generated spectrum

(plus power-splitting) coincide. Before showing this, we need one more lemma.

Lemma 8.3. Let L/K be a field extension. If A < L™ is a finitely generated subgroup
such that AJ(An K*) is torsion and M >0, then there exists a finitely generated T' < K*
such that KnM-Ac M -T.

Proof. Let TV := An K*. By assumption, the quotient A/T" is a finitely generated abelian
torsion group, and hence finite. Let A € A be a set of representatives for A/T” with 1 € A.
Let A’ ¢ A be a K-basis of the finite-dimensional vector space spany A. We may without
restriction assume 1 € A’. Expressing each o€ A as o = Y yrear Co,or@’ With cq o € K, we
have

AcJol'c U ) cawaT c Y aT,

acA acAaleA’ a’eA’
where I' is the group generated by I'” and the finitely many coefficients ¢, o that are

nonzero. Thus,

M-Ac Y o (M-T).
a’eA’

Linear independence of A’ implies M -AnK c M -T. O

Proposition 8.4. Let S € GL(V) be an absolutely irreducible semigroup. Then the

following statements are equivalent.

(a) The semigroup S has locally finitely generated spectrum and K is a power-splitting
field for S.

(b) For every finitely generated subsemigroup S’ € S, the set Tr(S") is Bézivin.
(¢) The semigroup S satisfies the equivalent conditions of Theorem 7.5.

4Alternative1y7 consider the Zariski closure G and apply the Lie-Kolchin Theorem [Bor91l, Theorem 10.5]
to see that the connected component of the identity is triangularizable.
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Proof. (a)=(b): By assumption S’ has finitely generated spectrum. Let A < K" be
finitely generated such that all eigenvalues of elements of S’ are contained in A. Then
Tr(S") cd-An K. Since K is power-splitting for S, the group A/(An K*) is torsion.
Lemma 8.3 implies that Tr(S") is Bézivin.

(b) = (c): We verify that S is locally Bézivin. Without restriction GL(V) = GL4(K).
Because S is absolutely irreducible, there exists a K-basis A;, ..., Ap €S of K dxd (see
for instance [CR90, Theorems 3.32 and 3.43] for this classical result by Burnside). The

map
K™ K% X (Te(XAy),..., Tr(XAg))

is a vector space isomorphism. In particular there exist c;;x € K such that z;; =
Ziil cijr Tr(X Ay) for all X = (z45) € K% Because of (b), the sets Z%il cijr Tr(X Ay)

are Bézivin.

(¢)=(a): By (f) of Theorem 7.5, the group G := (S) is in particular virtually abelian.
Then Lemma 8.2 implies that G has locally finitely generated spectrum. Proposition 7.8
implies that K is power-splitting for G. Both properties then also hold for S. (]

In dealing with the locally finitely generated spectrum case, we will need to pass
to a finite extension field L of K. It is not trivial, but still true, that the resulting
weakly epimonomial L-representations are weakly epimonomial when viewed as K-

representations, as long as K is power-splitting for S. This is the following lemma.

Lemma 8.5. Let L/K be a finite field extension and let W be a finite-dimensional
L-vector space. If S ¢ GL(,W) is a weakly epimonomial subsemigroup and K is power-
splitting for S, then also S € GL(xW) is weakly epimonomial.

Proof. For clarity, we say A € GL(;W) is L-steady when A is steady as an L-vector space
endomorphism, and K-steady when A is considered as a K-vector space endomorphism.
If A is K-steady, then it is also L-steady: indeed, all eigenvalues of A are in L, because
they are in K, and if U ¢ W is an A"-invariant L-subspace of W, then U is also an
A™invariant K-subspace of W, so that AU ¢ U by K-steadyness of A.

Let fW =W @ --® W, be a weakly epimonomial decomposition of W. So each W;
is contained in an L-eigenspace of every L-steady element of S ¢ GL(,W) € GL(xW).
Property (2) of Definition 2.6 does not depend on the base field, and (3) holds by
assumption. We have to verify (1) when this decomposition is considered as one into
K-vector spaces. However, if A € S is K-steady, then A is L-steady, and hence W; is

contained in an L-eigenspace of A, which is then also contained in a K-eigenspace. [

We prove our main results on representations with locally finitely generated spectrum.
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Proof of Theorem 3.4. (a)=(b): Passing to a suitable finite extension field L of K we

can find in V := L ® ¢ V a chain of S-invariant L-vector spaces
0=WogWig—gW, =V,

such that each W;/W,_; is absolutely irreducible. The resulting L-representation p: S —
GL( LV) is block-triangular with respect to this chain. Since p has locally finitely
generated spectrum as an L-representation (as the eigenvalues do not change under scalar
extension), the diagonal blocks p;; also have locally finitely generated spectrum. By
Proposition 8.4, each p;; is weakly epimonomial.

We now consider p as a K-representation and for clarity we change the name to
7S - GL(kV). By Lemma 8.5 the diagonals 5y (with respect to the block structure
from before) are still weakly epimonomial, hence locally epimonomial by Theorem 7.5.

Let by =1, bo, ..., by, € L be a K-basis for L, so that Ve @;", b;V, as K-vector space.
Then p(8)(bivy + = + byvm) = b1p(s)(v1) + - + bp(s) (vy,) for all s€ S and v; € V. The
inclusion ¢:V < V, v~ 1-v is split by the epimorphism 7:V — V that maps b; to 1 and
b; to 0 for i # 1. Since 7 is S-equivariant, we get an epimorphism (V,f)‘) - (V,p).

In V, we obtain a chain of S-invariant subspaces

0=n(Wy) cm(Wy)c--cm(W,)=V.

This chain induces a block-triangular structure on p. The diagonal block of p on
m(W;)/m(W;_1) is the image of the diagonal block p;; of pron W;/W;_1, and it is therefore
locally epimonomial (Corollary 7.16).

(b)=>(a): Let S’ ¢ S be a finitely generated subsemigroup, and let G = (p(S”)). Then
G has epimonomial diagonal blocks. In a suitable basis, therefore G has a finite-index
subgroup U consisting of upper-triangular matrices. Since U is solvable, the group G
is virtually solvable. From Lemma 8.2 it follows that G has locally finitely generated
spectrum. Because the diagonal blocks of G are epimonomial, also K is power-splitting
for G. O

Proof of Corollary 3.5. By Theorem 3.4 the representation S — GL(V') can be assumed
to have a block-triangular structure with locally epimonomial diagonal blocks. Let
G = (S) and consider p: G = GL(V'). The diagonal blocks p;; are virtually simultaneously
diagonalizable by Corollaries 3.2 and 3.3. Let D;; <l p;;(G) be a finite-index simultaneously
diagonalizable subgroup for each i, and consider

D11 plg(G) pln(G)

N = 0 1?22 pgn.(G)

O ... 0 D,
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Then N < p(G) is a subgroup of finite index. The induced representation Ind§ (7|x)
is block-triangular with monomial diagonal blocks and has an epimorphism to 7 by
Lemma 7.11. O

9. APPLICATION TO AUTOMATA

Let K be a field and X an alphabet (a nonempty finite set). We set our notation for
weighted finite automata (WFA), but will emphasize the (equivalent) viewpoint of linear
representations (of WFA), because it is easier to work with rigorously. We refer to the
books [Sak09; BR11] for more background. In this context, a linear representation is a
triple A = (u, p,v) with a vector u e K% of initial weights, a vector v e K% of terminal

dxd (describing the transitions). Thus,

weights and a semigroup homomorphism p: X* — K
to each letter x € X we assign a matrix u(z). We say that A is invertible if p(z) is an
invertible matrix for every x € X (the inverse need not be contained in pu(X*)).

To A we assign a function [A]: X* — K by defining [A](w) = uu(w)v. The function
[A] is the behavior of A and is typically represented as a noncommutative (formal) series
[A]= > [Al(w)w e K(X).

weX*
By the fundamental Kleene—Schiitzenberger Theorem the series representable in this way
are precisely the noncommutative rational series [BR11, Chapter 1.7]. Any given rational
series can be represented by many linear representations. However, the minimal linear
representations, that is, those of minimal dimension, are unique up to conjugation by an
invertible matrix [BR11, Theorem 2.4]. Two linear representations A, A’ are equivalent if
[A] = [AT].

From a computational perspective, we may think of a linear representation A of
dimension d as a weighted finite automaton (WFA) [BR11, Chapter 1.6] on the set of states
Q = [d] as follows: A state p € @ is assigned an initial weight u, and terminal weight v,
(where the subscripts denote the corresponding coordinates of the vectors). For any two
states p, ¢ € @ (not necessarily distinct) and every letter z € X we have a directed edge
(transition) p — ¢ with weight p(z)py, and label x if p(x)p, # 0; and no edge if p(x)pq = 0.

Given a word w = x1---x; € X*, a run for w is then a finite sequence (pg,x1,p1),
(p1,22,02), -+, (P1=1, 21, 1) with p; € Q. The weight (or output) of a run is the product

upoﬂ(wo)popl M(l'l )plpz"':u’(xl)pzqm Upy s

and the run is successful if its output is nonzero. The output of the word w is then the
sum of the output of all runs for w.

Thus, a WFA is represented as a directed graph (with loops), where each edge has
a label (a letter) and a weight (an element of K). The initial and terminal weights
are represented by weighted edges that are only attached to the digraph by their sinks,
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respectively, sources. A successful run for w € X* is then a walk in the digraph, from an
initial state to a terminal state, in which the edges are labelled by the letters of w.

From the way matrix multiplication is defined, it is easily seen that the output for w
is just [A](w). Indeed, every successful run corresponds to a nonzero summand when we
fully expand the matrix product uu(xy)---u(z;)v. We think of the WFA as computing
the function [A]: X* - K, that is, inputting a word w, the value [A](w) is computed.

We say that A is trim if every state lies on a successful run.

The correspondence between WFA and linear representations is bijective up to a
relabelling of the states (that is, conjugation by a permutation matrix on the linear
representation side). Since such a relabelling will not matter for any properties we
consider, we shall tacitly identify WFA and their linear representations in the following.

Definition 9.1. A WFA A is

(1) deterministic (or sequential) if there is at most one initial state (that is, at most
one p with uy, # 0), and for every p € Q and x € X there exists at most one outgoing
transition p — q labelled by x (that is, the p-th row of p(x) has at most one nonzero
entry),

2) M-ambiguous (M >0) if every word has at most M successful runs,

3) unambiguous if it is 1-ambiguous,

4) finitely ambiguous if it is M -ambiguous for some M,

(
(
(
(5

)
)
)
) polynomially ambiguous if there is a constant C' and an exponent k > 0 such that

every word has at most Clw|® successful runs, where |w| is the length of the word.

For a finitely ambiguous A, the ambiguity degree is the minimal M for which A is
M-ambiguous. Finitely ambiguous, respectively, polynomially ambiguous automata can
be characterized by the absence of certain characteristic features of the underlying graph
[WS91, Theorems 3.1 and 4.1]. As a consequence, every WFA that is not polynomially
ambiguous is exponentially ambiguous, that is, there are words u, v, w such that uw™v
has at least 2™ successful runs.

Remark 9.2. More specifically, for a WFA A, let g(n) be the maximal number of successful
runs for a word of length n. Then trivially g(n) € O(d"™) where d is the number of states.
The automaton A is finitely ambiguous if g(n) € O(1) and polynomially ambiguous
if g(n) € O(n*) for some k > 1. The characterizations in [WS91] imply that there
are gaps in the possible growths of the function g(n): we always have g(n) € O(d"),
and if g(n) € o(c") for all ¢ € Ry, then already g(n) € O(n¥) for some k > 1. So any
automaton with subexponential ambiguity is already polynomially ambiguous. Similarly,

if g(n) € o(n) then g(n) € O(1), so any automaton with sublinear ambiguity is already
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finitely ambiguous. From this point of view, the classes considered in Definition 9.1 give

a natural hierarchy.

A trim WFA that is polynomially ambiguous is also cycle-unambiguous, that is, for
every p € Q and every word w, there exists at most one walk from p to itself that is
labeled by w. This is easy to see: otherwise, there would be some g € [d] with two distinct
directed cycles, say of lengths k1 and ks based off it; then w!'(F1:+2)7 hag at least 2"
closed directed walks based at g; using trimness, this contradicts polynomial ambiguity.
Conversely, cycle-unambiguous WFA are polynomially ambiguous [WS91, Theorem 4.1],
but this is harder to prove, and we will not need it.

We are now ready to prove the easier direction of the arithmetic characterization of

ambiguity classes. Here we do not need to assume invertibility of the WFA.

Proposition 9.3. Let A° = (u®, u°,v°) be a trim linear representation and let A = (u, p,v)

be a minimal linear representation with [A] = [A°].

(1) If A° is M-ambiguous, then there exists a finitely generated I' < K* such that
[A](w) € M -Ty for all we X*.

(2) If [A°](X™) is Bézivin, then so is u(X*). In particular, if A° is finitely ambiguous,
then p(X™) is Bézivin.

(3) If A° is polynomially ambiguous, then pu(X*) has finitely generated spectrum® and
K is uniformly power-splitting for p(X*).

Proof. (1) Let T’ be the group generated by all weights of A, that is, by the entries of u,
v and p(x) for z € X. The product of weights along a walk in A gives an element of T,

and since every word has at most M successful runs, the claim follows.

(2) Let M >0 and I < K* be finitely generated such that up(w)v e M -T for all w e X*.

Because A is minimal, there exists a basis of K1*? of the form uu(w,), ..., uu(wy)
with w; € X*, and a basis of K%' of the form pu(w})v, ..., p(w))v with w) e X* [BRI11,
Proposition 2.2.1]. Let eq, ..., eq denote the standard basis of K% and el, ..., €y

its dual basis, so that the ij-entry of a matrix A ¢ K%? is just e; Aej. We express
e; = Zzzl tirp(wy)v and ej = Zflzl sijup(wy) with ¢, s;; € K. For every word w € X*,
then
d d
e; p(w)e; = k;I tirsyup(wy) p(w) p(wy v = k;l tisijup(wiwwy, ).
Since uu(wywwy)v € M - T, therefore all entries of y(w) are contained in d?M - T with
I'" generated by T', t;,, and s;;.

5The nonzero eigenvalues are contained in a finitely generated subgroup of K.
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Finally, if A° is finitely ambiguous, then by (1) we get M >0 and a finitely generated
I' < K* such that upu(w)v e M -T'y for all w € X*. Hence, the semigroup u(X™) is Bézivin
by what we just showed.

(3) Since A° is trim, it is cycle-unambiguous. Let d be the dimension of A°. After
conjugation by a suitable invertible matrix, we can assume that p°(X*) has block-
triangular shape with one of the diagonal blocks being p(X™) [BR11, Corollary 2.2.5]. It
is therefore sufficient to establish that p°(X™*) has finitely generated spectrum and that
K is uniformly power-splitting for u°(X*). Let I'" < K* be the subgroup generated by
the weights of A°.

Fix a word w and consider the following directed graph (with loops) G(w): the vertex
set is [d] and there is an edge i — j if there is a directed walk in A° from i to j that
is labeled by w. Since A° is cycle-unambiguous, the non-trivial strongly connected
components of G(w) must be directed cycles®, each of length at most d. It follows that
the only non-trivial strongly connected components in G(w®) are loops. Therefore, the
states [d] can be totally ordered in such a way that i < j implies that there is no path
from j to i in G(w?).

After a corresponding permutation of the standard basis vectors, the matrix ,uo(wd!) =
u"(w)d! is upper-triangular. Therefore, its diagonal entries are precisely its eigenvalues.
The p-th diagonal entry of u°(w?) is obtained as follows: for each directed walk from p to
p in A°, one first takes the product over all weights along the walk, and then sums these
products over all directed walks from p to p. However, since A° is cycle-unambiguous,
there exists at most one directed walk from p to p. Thus, the nonzero diagonal entries of
12 (w™) are products of weights of A°, and hence are contained in I".

Consequently, if \ € K is an eigenvalue of p(w), then A* € I”. Since I' = {y e K : 7% ¢
I} is finitely generated by Lemma 8.1, the claim follows. (]

Proposition 9.4. Let A= (u,p,v) be an invertible linear representation.

(1) If n(X*) is Bézivin, then there exists a linear representation A = (U, [1,7) with

[[JZl\J] = [A] and & monomial. In particular, the automaton A is finitely ambiguous.

(2) If u(X™) has finitely generated spectrum and K is power-splitting for n(X*), then
there exists a linear representation A with [A] = [A] and A is block-triangular
with monomial diagonal blocks. In particular, the automaton A is polynomaally
ambiguous.

Proof. Let d be the dimension of A. We first make a general observation that will be useful

for both claims. Suppose 7: X* - K™ is a semigroup homomorphism, and T € K %"

6A directed cycle is a closed directed walk in which all vertices except the first and the last are pairwise
distinct.
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has rank d, and is such that T7(w) = u(w)T for all w e X*. Since T: K™ » K is
surjective, there exists 7€ K™ such that v = 7. Let @ = uT. Then A = (w,11,7) is

equivalent to A, because
wp(w)v = uTh(w)o = up(w)TT = up(w)v for all we X™.

(1) By Corollary 3.2 there exists a monomial semigroup representation 7i: X * - GL,, (K)
and an X *-invariant epimorphism 77 — p. Since fi(X*) is monomial, the resulting linear

representation (@, z,7) is finitely ambiguous.

(2) By Corollary 3.5 we can now find a linear representation (@,7r,7) with 77 block-
triangular with monomial diagonal blocks. Such a representation is polynomially am-
biguous: corresponding to the block-triangular structure, we obtain a partition of the
states Q1 U--- U @, for which it is only possible to transition from a state in (); to one in
Q; if j >i. Furthermore, due to the monomial diagonals, transitions from states in @; to

states in the same set (); are unambiguous. O

The following shows that the minimal ambiguity degree achievable for a WFA com-
puting a particular series is at the same time the minimal M such that all outputs are
contained in M -I'y for some finitely generated I' < K. It is obtained by taking a slightly
closer look at the construction resulting from Proposition 9.4 (and choosing a suitable

basis).

Corollary 9.5. Let A = (u, p,v) be an invertible linear representation. If there exists
M >0 and a finitely generated T' < K* with [A](w) € M -Tg for all w e X*, then A is
equivalent to an M -ambiguous WFA.

Proof. We may assume that A = (u, g, v) is a minimal linear representation (using [BR11,
Corollary 2.2.5]). By (2) of Proposition 9.3, then pu(X*) ¢ GLg(K) is Bézivin. Let
G = (u(X™)). By Theorem 7.5 the finitely generated group G < GL4(K) is epimonomial.
Let K%' = V; @ .- ® V, be an epimonomial decomposition for G, with D < G the
corresponding diagonal. Decompose v = vy + -+ + v, with v; € V;, and for each V; choose a
basis e;1, ..., ejs;, with e;1 = v; if v; # 0. After changing to this basis, we can assume
that D consists of diagonal matrices and that each v; has at most one nonzero entry.
Let Ay = I, Ay, ..., A, be a set of representatives for G/D and consider the dn-
dimensional representation p:G - GL(W) induced from D - GL4(K), with

W=@AK™ =-PPAV;
i=1 i=1j=1

asin Lemma 7.11), and set W;; = A;V;. We choose as basis of W;; the vectors f;;r = A;eqr
in L 7.11 d Wi, A V;. We ch basis of W;; th fij A i
(where k € [s;]), and identify W = K%*!. Then p is monomial; explicitly, let A € G
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and let i € [n], j € [r], k € [s;]. If ' € [n] and C € D are such that AA; = AyC and
Cly, = Ajid with A; € K, then we have
p(A) fijk = Nj firjn-
The G-equivariant epimorphism
G:W - K% fiin e Aiej,
is split by
KPS W, oejp e fun.
Let 7 = «(v) and let @ € K™% such that Tfijx = uA;ejr. With I = pu, we obtain a
monomial WFA A = (7, 7,7) that is equivalent to A (as in Proposition 9.4).

Using Lemma 7.10, choose A € D steady and such that the eigenvalues on all V;
are pairwise distinct. Consider p(A). Each A; permutes the eigenspaces of A, say
A;Vj =V ;) with m; € &, a permutation. Then Ai_lAAi is again diagonal with the same
eigenspaces as A itself, but the eigenvalues permuted: if A has eigenvalue A\; on Vj, then
A71AA; has the eigenvalue Ar,(jy on Vj. Setting, for j € [r],

Wj = @Alvﬂ;lm c W,

we see that the W; are precisely the eigenspaces of the steady element p(A). Since
p(G) is monomial, it is certainly Bézivin, and we can apply Proposition 6.4 to the block

structure W = W1 @---@® W,.. Thus, for all 1, ..., z; € X (using square brackets to denote
the blocks), we have that

ﬂ[u(xl)]ioil [,u(x2)]i1i2"'[M(fnl)]ilqiz [ﬁ]iz #0, (7)
for at most M choices of (ig,i1,...,4) € [r]"*'. We shall argue that each such nonzero

block product corresponds to at most one successful run of A.
For z € X let 7i,q(x) denote the pg entry of the matrix 77(z). A successful run for a

word x1---x; € X* is simply a tuple (po,p1,...,p1) € [dn] such that

Upo Hpopy (xl )ﬁp1p2 ($2)‘”ﬁpz_1pz (Q:Z)ﬁpl #0.

This relates to the block structure in Eq. (7) as follows: Let V=V, @@V, = KX,
The terminal vector U is contained in the summand IV of W, and projected onto each
IV}, it has at most one nonzero component by the choice of the basis (namely, the
component is a multiple of fi;1). By construction of the induced representation, the
matrices p(x) permute the spaces A1V, ..., A,V ¢ W. Thus, for each k € [1,] there is
a unique ¢ with p(zg---2;)v e A;V. Fix k. Then, for j € [r], there is a unique ¢ € [r] with
p(xpxp) fij1 € AiVy. But then in fact j uniquely determines the space Wy for which
p(xg-xr) fij1 € Wy (namely ¢ = m;(t)). It follows that each successful run (each one
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necessary starting at a distinct fi;1, by monomiality) contributes to a distinct block
product of the form Eq. (7). Hence, the maximal number of nonzero such block products,
namely M, bounds the maximal number of successful runs for a given word. Thus, the

linear representation A is at most M-ambiguous. O

10. DECIDABILITY

For finitely generated semigroups we now show decidability of the properties under
discussion (and that the monomial, respectively block-triangular representations with
monomial blocks are indeed computable, if they exist). Obviously this requires some
restrictions on the field K, in particular, we need to be able to perform exact arithmetic
and equality tests, so that we can do exact linear algebra, use Grébner bases techniques,
and compute in finite field extensions of K (as splitting fields of suitable polynomials).
We shall call such a field computable.

Most importantly, number fields (finite-dimensional extensions of Q) are computable.
In general, a finitely generated semigroup S will always be contained in K¢ with K a
field that is finitely generated over its prime field Ky. Then K is the field of fractions of
an affine Ky-algebra R. If K can be specified by giving explicit generators and relations of
R as a Ky-algebra, then K is computable. For example, for the transcendental extension
K = Q(X) with X a nonempty finite set we trivially know such a representation, but
for K = Q(e,w) we do not have such a representation, since we do not know whether
there are algebraic relations between e and w. For the remainder of the section, fix a
computabdle field K and a vector space V.

The linear Zariski topology on V is the topology having as closed sets the finite unions
of vector subspaces (including the empty set as the empty union) [BS21; BS23b]. It is a
noetherian topology. If K is infinite, the irreducible sets are precisely the subspaces of V.
If K is finite, then the irreducible sets are the subspaces of dimension at most 1.

The Zariski closure and the linear Zariski closure of a finitely generated group [DJKO05b;
Nos+22], and even a finitely generated semigroup [Hru+18; Hru+23; BS23b], of matrices
is computable.

The following observation will reduce everything to the computation of the linear
Zariski closure. The argument is similar to the one in the proof of [BS23b, Theorem 10].

Proposition 10.1. Let G € GL(V) be a locally Bézivin group, let V =V, & - @V,
be the decomposition into joint-eigenspaces of steady elements, and let D 4 G be the
corresponding diagonal. Let P; € End(V') be such that Pily;, =id and Pily, = 0 for j # .
Then the linear Zariski closure D of D in End(V') is

D =span{Pi,...,P.}.
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In particular, if G| D is finite with set of representatives Ay, ..., Ay, then the irreducible

components of G are
Ayspan{Py,...,P.},..., Ayspan{ Py, ..., P, }.

Proof. Identify GL(V') = GL4(K) using a basis that refines the decomposition V' =
Vie-a@V,. Let D=2Zyu--UZ with Z;, ¢V the irreducible components of D. Because
D cspan{P,..., P}, also Zyu--u Z Cspan{P,...,P,.}. Note that D n GLy(K) is the
set of K-rational points of a linear algebraic group. There exists a unique component,
say Zp, containing the identity, and Zy n GL4(K) is a subgroup of G [BS23b, Lemma 9].

By Lemma 7.10 there exists a steady A € GG that has distinct eigenvalues on the
Vi, say A = M Py + -+ AP, with \; € K such that A\;/\; is not a root of unity for
i # j. Since multiplication by A permutes the components Zy, ..., Z;, there exists
an N > 1 such that AN € Z;. Then AN" = \N"Pj + ... + A\NP, € Z; for all n € Z,
and, since Zy is a vector space, we have W := span{A™N" : n € Z} ¢ Z;. Keeping in
mind that AN # /\é\] for all i # j € [r], a Vandermonde determinant argument shows
dim W = r. Because of W ¢ Zj ¢ span{P},..., P,} we must have equality throughout,
hence D = span{P;,...,P,}. O

Proposition 10.2. For a finitely generated semigroup S € GL4(K), given by generators
Bi, ..., By €S, it is decidable whether S

(1) is Bézivin;
(2) has finitely generated spectrum and K is power-splitting for S.

One can moreover compute a representation p:S — GLgy(K) and an epimorphism of
representations p - (S < GLy(K)) such that p is monomial in the first case, and such

that p is block-triangular with monomial diagonal blocks in the second case.

Proof. The linear Zariski closure S is computable; more explicitly, one can compute a
basis of the irreducible component Z; containing the identity, and Ag =1, Ay, ..., A, €S
such that S = Uity Ai Zo, with A;Zg # A;Zy for j #i. The closure S contains the identity
matrix and A~ for every A € S, so that in fact S is also the closure of the group G
generated by S [BS23b, Lemma 9].

(1) In light of Proposition 10.1 and Theorem 7.5, it is enough to check whether Zj
is simultaneously diagonalizable over K. This is easily done iteratively: suppose the
component Zj is not simultaneously diagonal in the given basis. We can then compute a
non-diagonal A € ZonGL4(K) using [BS23b, Lemma 17] and the fact that ZynGL4(K) 2
Zyn S is dense in Zj in the linear Zariski topology. If A is not diagonalizable over K,
then S is not Bézivin and we abort. Otherwise, we change the basis to one in which A is



FACTORING THROUGH MONOMIAL REPRESENTATIONS 54

diagonal. We now check if Zj has block-diagonal structure with respect to the eigenspaces
of A (it is sufficient to check this on the basis vectors): if not, then S is not Bézivin,
and we abort. If Zy has the required block-diagonal structure, but is not diagonal, then
we can pick a non-diagonal A" € Zy n GLy(K) (again using [BS23b, Lemma 17]), and
we attempt to diagonalize it. This will either result in a finer-grained block-diagonal
structure, or show that S is not Bézivin. Repeating this finitely many times, we will
either have diagonalized all of Z (showing that S is Bézivin), or discovered that S is not
Bézivin.

(2) We first compute a finite field extension L/K and a chain of G-invariant L-subspaces
0=W1 ¢ We G- g W, = L™ guch that each W; /Wi_1 is absolutely irreducible as a
G-representation (that is, there exists no G-invariant K-subspace K ®x W;_1 ¢ W' ¢
K ®x W;). This is possible, because the K-invariant subspaces of a K-vector space
V can be described as the K-points on a projective variety that is defined over K, by
using exterior powers and Pliicker coordinates, see [AP04]. Testing whether this variety
is empty can be done using Grobner basis techniques, and if it is not empty, one can
compute a finite field extension L/K and a point defined over L,” giving rise to an
invariant subspace. Iterating this procedure finitely many times, we find the required
decomposition.

Viewing L¥! as a K-vector space, we obtain a K-representation p of G. If G has
locally finitely generated spectrum and K is power-splitting for GG, then the resulting
diagonal blocks of p are epimonomial (using Proposition 8.4 and Theorem 7.5), and we
can check this using (1). So, if one of the diagonal blocks is not epimonomial, then G
did not have locally finitely generated spectrum or K is not power-splitting. If they
are all epimonomial, then S — GL4(K) factors through a representation with monomial
diagonal blocks by Corollary 3.5.

Computing the claimed representations is now a matter of computing suitable induced
representations. To compute the induced representation, we need a set of representatives
for G/(G n Zy). However, such a set is given by the elements Ay, ..., A, computed at
the beginning. O

Corollary 10.3. Let A be a linear representation of a WFA.

(1) It is decidable whether A is equivalent to a polynomially ambiguous, respectively, a

finitely ambiguous automaton.

(2) If A is equivalent to a finitely ambiguous automaton, it is also decidable which is the

minimal M >0 such that A is M-ambiguous

It suffices to treat the affine case. One possibility is outlined in [Hru+23, Section 3.3], based on the fact
that one can compute projections of constructible sets [Sch07, Corollary 4.12] [CLO15, Chapter 4.7].
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Proof. (1) From a linear representation one can compute a minimal linear representation
[BR11, Chapter 2.3]. So without restriction assume that A = (u,u,v) is minimal.
By Propositions 9.3 and 9.4 it is now sufficient to decide whether pu(X™) is Bézivin,
respectively, whether p(X™*) has finitely generated spectrum and K is power-splitting for
1w(X™). These properties are decidable by Proposition 10.2.

(2) The construction described in Corollary 9.5 produces an automaton (u,u,v) of
minimal ambiguity degree. Hence, it is a matter of computing its ambiguity.

The matrices in (X ™) are all monomial matrices, so that any application of a matrix
wu(x) permutes the entries in the vector and then possibly multiplies them by (different)
weights. Thus, for every word w € X* the vector p(w)v will have the same number of
nonzero entries as the vector v, but possibly in different places.

The number of successful runs for w is then simply the number of ¢ € [d] for which the
i-th entry of both u and p(w)v is nonzero. Deciding the degree of ambiguity therefore
boils down to finding the possibly patterns of nonzero entries in pu(w)v as w ranges
through X*. This is easily done, because mapping each p(w) to the corresponding
permutation matrix m (replacing every nonzero entry by 1) is a group homomorphism
to a finite group, and so we can compute all the permutations {m rwe X'} O

Remark 10.4. The algorithm also produces a polynomially ambiguous, respectively,
finitely ambiguous automaton. Since Corollary 9.5 is constructive, we can also find a
finitely ambiguous automaton of minimal ambiguity degree M >0 (if there exists one).
Because of the monomial structure, the only ambiguity arises from the multiple initial
and terminal states. The constructed automaton can therefore be easily transformed
into a sum of M deterministic automata. (It is known that every finitely ambiguous

automaton is a sum of unambiguous automata.)

Remark 10.5 (Nonefficiency). The algorithms presented here are conceptually simple, but
not efficient. For computing the linear Zariski closure of a semigroup, the only known
upper bounds are double-exponential in the dimension, as recently shown by Benalioua,
Lhote, and Reynier [BLR24]. The linear Zariski closure can have super-exponentially
many irreducible components [BS23b, Remark 7], and so we cannot expect efficient

decidability algorithms that first compute the entire (linear) Zariski closure.

(1) In case we are willing to decide existence of a block-triangular representation with
monomial diagonal blocks over a finite field extension (so that the power-splitting
condition plays no role), checking virtual solvability, that is, deciding the Tits’

alternative, is sufficient by Corollary 1.4.

This algorithmic problem is well-studied and efficient and practical algorithms

exist. For instance, Beals [Bea99; Bea0l] proved that, over a number field, virtual
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solvability is decidable in polynomial time. Further algorithms can be found in the
works of Detinko, Flannery, and O’Brien [DFO11; DFO11]. For subgroups of GL4(Z),
virtual solvability is equivalent to virtual polycyclicity, which can be decided by work
of Baumslag, Cannonito, Robinson, and Segal [Bau+91] and Ostheimer [Ost99].

(2) Very recently, Jecker, Mazowiecki, and Purser [JMP24] showed (over K = Q): if one
is given a polynomially ambiguous WFA, then it is possible to decide whether it is

equivalent to a deterministic or an unambiguous one in polynomial space (PSPACE).

11. CONCLUSION AND OPEN QUESTIONS

In the present paper we comprehensively resolve the problem of characterizing, by
arithmetic properties, the representability of a linear group by monomial respectively
block-triangular matrices with monomial diagonal blocks over any field. For WFA with
invertible transition matrices we used this to relate ambiguity classes of rational series
to arithmetic properties, and resolve the arising decidability questions. In particular, it
is possibly to decide whether an invertible WFA is equivalent to a finitely ambiguous,

respectively, a polynomial ambiguous one.

(1) Given the applications to WFA, the most pressing issue is whether analogous results
to the main theorem can be established for finitely generated semigroups S ¢ End(V)
of possibly non-invertible matrices, that is, to find sufficiently nice representations of
Bézivin semigroups and semigroups with finitely generated spectrum.

Not every such semigroup can have a monomial representation. For instance, if
A e @~ {£1} the semigroup generated by

A 0) [0 1
0 1)°\o0 1
0™

has infinitely many idempotents (0 ) ), which is impossible in an epimorphic image

of a monomial semigroup. However, there are some positive results.

(i) In the case that all outputs of the WFA are contained in I'g (Pdlya property), it is
known that the linear representation of the WFA factors through a semimonomial
representation [BS21]. Here the matrices have a block structure: each row of
blocks contains at most one nonzero blocks, and each column of each block
contains at most one nonzero entry.

(ii) There are several proofs showing that finitely generated torsion matrix semi-
groups are finite, that is, Burnside-Schur extends to semigroups (see [Stel2] for

many references).
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(iii) Suppose that S contains an invertible steady A that has d distinct eigenvalues.
Then applying Corollary 6.5 immediately shows that S is finitely ambiguous,

and so we get the following.

Corollary 11.1. Let A = (u, u,v) be a d-dimensional linear representation of
a WFA over the field K. If u(¥*) is a Bézivin semigroup, and it contains at
least one steady invertible matriz that has d pairwise distinct eigenvalues, then

a change of basis transforms A into a finitely ambiguous linear representation.

The algebraic structure of finitely generated matrix semigroups and their Zariski
closure is well-understood based on work of Putcha and Okninski [Put88; Okn98;
Ren05]. In particular, if one considers the (linear) Zariski closure, there is a finite
chain of semigroup ideals, the successive Rees quotients of which are either completely
0-simple or nilpotent. This structure has already played a key role in the computation
of the (linear) Zariski closure [Hru+18; Hru+23; BS23b]. While the semigroup case
makes use of the group case, in these instances, it turned out that the step from

groups to arbitrary semigroups is the most complex one.

(2) From the point of view of theoretical computer science, it would be interesting to
establish which complexity classes the decidability problems arising in Section 10
actually fall into. This is particularly interesting because the algorithms based on the
(linear) Zariski closure are necessarily quite inefficient, while more efficient algorithms
are already known for certain subproblems and the decidability of virtual solvability
(Remark 10.5).

Further, there is a trade-off between ambiguity and the number of states. From
this point of view it is interesting to what degree our constructions are optimal
(in minimizing the number of states in the given complexity class) and what the
minimum number of states for a WFA in a given complexity class, as a function of
the number of states of a minimal WFA is.

Little appears to be known here. For instance, it is well-known that the maximal
subgroups of GL4(Q) have cardinality 2%d! for d sufficiently large (and can be realized
by signed permutation matrices). For n-generated subsemigroups of Q™4 the only

known upper bounds appear to be double-exponential in d.
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